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PKEFACE, 

In the present Treatise the Conic Sections are defined 
with reference to a focus and directrix, and I have 
endeavoured to place before the student the most 
important properties of those curves, deduced, as 
closely as possible, from the definition. 

The construction which is given in the first Chap- 
ter for the determination of points in a conic section 
possesses several advantages ; in particular, it leads at 
once to the constancy of the ratio of the square on the 
ordinate to the rectangle under its distances from the 
vertices ; and, again, in the case of the hyperbola, the 
directions of the asymptotes follow immediately from 
the construction. In several cases the methods em- 
ployed are the same as those of "Wallace, in the 
Treatise on Conic Sections, published in the Ericy- 
clopcedia Mei/ropolitana. 

The deduction of the properties of these curves 
from their definition as the sections of a cone, -seems 
^ ^priori to be the natural method of dealing with the 
subject) but experience appears to have shewn that 
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viii Prefojce. 

the disctufsion of conies as defined by their plane pro- 
perties is the most suitable method of commencing an 
elementary treatise, and accordingly I follow the 
fEUihion of the time in taking that order for the treat- 
ment of the subject. In Hamilton's book on Conic 
Sections, published in the middle of the last century, 
the properties of the cone are first considered, and 
the advantage of this method of commencing the 
subject, if the use of solid figures be not objected to, 
is especially shewn in the very general theorem of 
Art. (150). I have made much use of this treatise, 
and, in fact, it contarns most of the theorems and 
problems which are now regarded as classical propo- 
sitions in the theory of Conic Sections. 

I have considered first, in Chapter I., a few simple 
properties of conies, and have then proceeded to the 
particular properties of each curve, commencing with 
the parabola, as in some respects, the simplest form 
of a conic section. 

It is then shewn, in Chapter VI., that the sections 
of a cone by a plane produce the several curves in 
question, and lead at once to their definition as loci, 
and to several of their most important properties. 

A chapter is devoted to the method of orthogonal 
projection, and another to the harmonic properties 
of curves, and to the relations of poles and polars, 
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including the theory of reciprocal polars for the par- 
ticular case in which the circle is employed as the 
auxiliary curve. 

For the more general methods of projections, of 
reciprocation, and of anharmonic properties; the stu- 
dent will consult the treatises of Chasles, Foncelet, 
Salmon, Townsend, Ferrers, Whitworth, and others, 
who have recently developed, with so much fulness, 
the methods of modem Geometry. 

I have to express my thanks to Mr R. B. "Wor- 
thington, of St John's College, and of the Indian 
Civil Service, for valuable assistance in the construc- 
tions of Chapter XI., and also to Mr E. Hill, Fellow 
of St John's College, for his kindness in looking over 
the latter half of the proof-sheets. 

I venture to hope that the methods adopted in 
this treatise will give a clear view of the properties 
of Conic Sections, and that the numerous Examples 
appended to the various Chapters will be useful as 
an exercise to the student for the further extension 
of his conceptions of these curves. 



W. H. BESANT. 



Caubbibob, 

March, 1869. 



PREFACE TO THE FOURTH EDITION. 

For this edition the text has been carefully revised, 
some redundant examples have been removed, and 
fresh examples, taken chiefly from recent examination 
papers, have been inserted. 

A book of Solutions of the Examples has been 
prepared, in accordance with requests which have 
been received from many teachers, and will be issued 
with the present edition. 

W. H. BESANT. 

Sept. 1881. 
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CONIC SECTIONS. 



INTRODUCTION. 



DBFINITION. 



IF a straight line and a point be given in position in 
a plane, and if a point move in a plane in such a 
manner that its distance from Ihe givQn point always bears 
the same ratio to its distance from the given line, the curve 
traced out by the moving point is called a Conic Section, 

The fixed point is called the Focus, and the fixed line 
the Directrix of the conic section. 

When the ratio is one of equality, the curve is called a 
Parabola. 

When the ratio is one of less inequality, the curve is 
called an Ellipse. 

When the ratio is one of greater inequality, the curve is 
called an Hyperbola. 

These curves are called Conic Sections, because they 
can all be obtained from the intersections of a Cone by 
] planes in different directions, a &ct which will be proved 
hereafter. 

It may be mentioned that a circle is a particular case 
, of an ellipse, that two straight lines constitute a particular 

B. 0. 19, I 



2 Introdiiction. 

case of an hyperbola, and that a parabola may be looked 
upon as the limituig form of an ellipse or an hyperbola, 
under certain conditions of variation in the lines and 
magnitudes upon which those curves depend for their 
form* 

The object of the following pages is to discuss the 
general forms and characters of these curves, and to de- 
termine their most important properties by help of the 
methods and relations developed in the first six books, and 
in the eleventh book of Euclid, and it will be found that, 
for this purpose, a knowledge of Euclid's Geometry is 
that is necessary.. 

The series of demonstrations will shew the characters 
and properties which the curves possess in common, and 
also the special characteristics wherein they differ from 
.each other; and the continuity with which the curves pass 
into each other will appear from the definition of a conic 
section as a Locus, or curve traced out by a moving point, 
as well as from the fSact that they are deducible from the 
intersections of a cone by a succession of planes. 



CHAPTER L 

V. PROPOSITION I. 

The Chnstruetion qfa Conic SBdion, 

1 . rp ARE /S^ as the focus, and from S draw SX at right 
jL angles to the direetriz, and intersectiiig it in the 
pointer. 

BBFiinnoir. ThU line SXy produced loth wape, is 
coiled tJiS Axis qf the Conic Section, 

In SX take a point ul such that the ratio of SA to 
AX is equal to the given ratio ; then A iB & point in the 
cnrve. 

Def. The point A is called the Vertex qf the curve. 

In the directrix EX take any point E, jpin EA^ and 
ES, produce these lines, and through S draw the straight 
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4r Conic Sections, 

line SQ making with j^^ produced the same angle which 
ES produced makes with the axis SN, 

Let P be the point of intersection cfSQ and EA pro- 
duced, and through P draw LPK parallel to NX, and 
intersecting ES produced in Z, and the directrix in JT, 




Then the angle PLS is equal to the angle LSNsjii 
therefore to PSL; 

Hence SP=PL. 

Also PL : AS ;; EP : EA 

::PK:AX; 
.'. PL : PK :: AS : AX; 
and /. 8P : PK :: AS : AX. 

The point P is therefore a point in the curve required, 
and by taking for E successive positions along the directrix 
we shall, by this construction, obtain a succession of points 
in the curve. 

If iSr be taken on the upper side of the axis at the 
same distance from X, it is eagy to see that a point P will 
be obtained below the axis, which will be similarly situated 
with regard to the focus and directrix. Hence it follows 
that the axis divides the curve into two similar and equal 
portions. 



^ Conic Sections. 6 

Another point of the curve, lying in the straiglit line 
KPf can be found in the following manner* 




Through S draw the straight line FS making the angle 
J'/SX equal to KSP, and let i^/S' produced meet JTP pro- 
duced in F', 

Then, since KS bisects the angle PSFy 
SP"": SP :: P'JT : Ptr; 
.% SP : P'K :: SP : PK, 
and P' is a point in the curve. 

2. Def. The Eccentricity. The constant ratio qf the 
distance from the focus qf any point in a conic section to 
its distance from the directrix is caUed the eccentricity 
of the conic section. 

The LattM Rectum. If J^ be so taken that EX is equal 
to SXf the angle PSN, which is double the angle LSN, 
and therefore double the angle ESX, is a right angle. 




^ Conic Sections., 

For, ginoe EX=^SXj the angle ESX=8EX, and, ihe 
atigle SXE being a right angle, the sum of the two angles 
SEXy ESX, which is eqoal to twice ESX^ is also equal to 
a right angle. 

Calling R the position of P in this case, produce RS to 
R\ 80 that RS=RS'j then Rf is also a point in the curre. 

Dbf. The Hraight line RSR" drawn through thefocm 
at right angles to the axis, and intersecting the curve in R 
and Rf, is called the Latus Rectum, 

It is hence evident that the form of a conic section is 
determined by its eccentricity, and that its magnitude is 
determined by the magnitude of the Latus BeCtum, which 
is given by the relation 

SR : SX :: SA : AX 

S. Dbp. The straight line PN (Pig. Art 2), draum 
from any point Pqfthe curve at right angles to the axis, 
and intersecting the axis in N, is called the Ordinate qf 
the point P. 

If the line PN be produfeed to P' so that NP'=NJP, 
the line PNP^ is a dottle ordinate of the curve. 

The latus rectum is therefore the double ordinate pass- 
ing through the focus. 

Dbp. The distance AN of the foot qf the ordinate 
from the vertex is called the Abscissa qf the point P. 

Dbp. The distance SP is called the focal distance oj 
the point P. 

It is also described as the radius vector drawn from the 
focus. 

4. Definition cfthe Tangent to a curve. 

If a straight linCy draum through a point P qf a 
curve, meet the curve again in P', and if the straight line 
be turned round ihe point P until the point P'npproaehes 
indefinitdynedr to P, the ultimate position qfthe straight 
line is the tangent to the curv^ at P. , 

Thus, if the straight line 4P^ turn rouid P mitil the 
points P and P^ coincide, the line in its ultimate position 
PTis the tangent at P. 
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Bbf. The normal at any point of a curve w the 
straight line drawn through the point at right angles to 
the tangent ai that point. 

Thus, in the fijg^re, PG is the normal at P. 

5. We have now given a general method of constrdctin^ 
a conic section, and we have explained the nomenclature 
which is UBually employed. We proceed to demonstrate a 
few of the properties which are common to all the conic 
sections. - 

For the future the word conic will be employed as an 
abbreviation for conic section. 

Prop. II. J[f the straight line Joining two points 
P^P' of d couic meet the directrix in jP, the straight Une 
FS wiU bisect the angle between PS and P'S prodiiced* 
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8 CanicB. 

Draw the perpendicnlan PJT, P'JT, on the directrix. 

Then SP : SP" ;: PK : P'iT, (Pig. Art 9) 

:: PF : PT. 

Therefore J'^ bisects the outer angle, at S^ of the tri- 
angle P/SP'. (Euclid, YL A.) 

Cob. If JSQ bisect the angle PSr, it follows that FSQ 
is a right angle. 

6. Pbop. III. The straight line, drawn from the 
focue to the point in which the tangent meete the directrix^ 
is at right angles to the straight line drawn from thejbcut 
to thepoint qf contact. 

In the figure of Art 5, let the point P" moye along the 
curre towards P; then, as P" approaches to coincidence 
with P, the straight line PPP approximates to, and ulti- , 
mately becomes, the tangent TP at P. But, when P' coin- 
cides with P, the line SQ coincides with SP, and the angle ' 
FSP, which is ultimately TJSPf becomes a right angle. 

Or, in other words, the portion of the tangent intercepted 
between the point of contact and the directrix, subtends 
a right angle at the focus. 

7. If a chord EAP be drawn through the vertex, and 
the point P be near the vertex, the angle PiSA is small, 
and LSN which is half the angle 
PSN is nearly a right angle. 
The angle ASE is therefore 
nearly a right angle, and SEX 
is a small angle, and AES is, 
a fortiori, a small angle, and x 
vanishes when ASE is a right 
angle. 

As P approaches to coinci- 
dence with A, the angle LSN 
becomes ultimately a right an- 
gle, and therefore ASE is ulti- 
mately a right angle. 

Hence &e angle EAX which 
is the sum of the angles AESy 
ASEf is a right angle when P 
coincides with A. 
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But, when P approaches to ooincidenoe wiih A, then 
EAP approximates to the position of, and ultimately be- 
comes, the tangent at A. 

The tangent. cA the vertex is thertfore ait tight angles to 
the axis, 

8. Prop. IV. No straight line can meet a conie in 
more than two points. 




Let P be a point in the curve, draw any straight line 
FPy join SF^ and draw SQ at right angles to SF. Draw 
SP" making the angle QSP equal to QSP\ then P' is 
a point in the curve. For, since SF bisects the outer angle 
atiS; 

SP : SP :: P'F : PF 
:: P'K' : PK; 
/. SP' : PK* :: SP : PK, 
and P' is a point in the curve. 

Also, there is no other point of the curve in the straight 
ImePP 

For suppose if possible P' to be another point and 
draw P'JT' perpendicular to the directrix, 

then SP' : SP :: P'K" : PK 

.. p^'p . pp. 

therefore FS bisects the angle between PS and P^'S pro- 
duced. 
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But FS bisects the angle between FS and F'S pro- 
ducedy which is impossible unless F"' coinddes with F'. 

9. Peo]^. V. The tangents at the end qf a focal 
chord intersect in the directrix. 




For the line SF, perpendicular to SF^ meets the direc- 
trix in the same point as the tangent at F; and, since 
i^^is. also at right angles to SF% the tangent at F' meets 
the directrix in the same point F, Conversely, if from any 
point F in the directrix tangents be drawn, the chord of 
contact, that is, the straight line joining the points of con- 
tact, will pass through the focus and will be at right angles 
to JSF, 

GoR. Hence it follows that the tangents at the ends 
of the latus rectum pass through the foot of the directrix. 



10. Peop. VI, The straight lines joining^the extremi- 
ties qf two focal chords intersect in the directrix, 

liFSp, F'Sp' be the two chords, the point in which FF^ 
meets the directrix is obtained by bisecting the angle FSI^' 
and drawing SF at right angles to the bisecting line SQ, 
But this line also bisects the angle pSp^\ therefore pp^ 
also passes through F. 

The line SF bisects the angle FSp\ and similarly, 
if C'S' produced, bisecting the angle pSp\ meet the direc- 
trix in F\ the two lines Fp\ F'p will meet in F\ 
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It is obvious that the angle FSF' is a right angle. 

Cob. If the [Straight line bisecting PSP' meet) .the carve 
in q and ^ and Fq^ Fc( be joined, ti^ese lines will be the 
tangents at q and ^. (Prop, y.) 

Hence, if from, a point F in the dii^trix tangents be 
drawn, and also any straight line FPP' cutting the curve 
in P and P'y the chord of contact will bisect the angle 
PSP'. 

11. Prop. VII. If the tangent at any point P qf a 
conic intersect the directrix, in F, and the lattis rectum 
produced in 2>, 

SD iJSF::SA : AX. 

Join SK} then, observing that FSP and F^P are right 
anglefl» a circle can be described about F8PK, and 
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therefore the angles SFD, * 
SKP are equal. j^ 

Also the angle FSD 

s= complement of DSP 
r^SPK; ^ 

/. the triangles FSD, SPK ^ 
are similar, and 

SD : SF :: SP : PK 

:: SA : AX, 



CoR. (1). If the tangent at the other end P' of the 
focal chord meet the directrix in ZX, 

SZy : SF :: ^^4 : AX; 
/. SD=SD'. 

Cor. (2). If 2>^ be the perpendicular from D upon 
iSjP, the triangles SDE, SFX are similar, and 

^J^ : SX :: SD : SF 
:: ^ul : AX 

.'. SE is equal to SR, the semi-latus rectum. 



12. Prop. VIII. The tangents drawn from any 
point to a conic subtend equal angles at the focus. 

Let the tangents FTP, FTP" at P and P' meet the 
directrix in F and F' and the latus rectum in D and D^. 

Join ST^SiA produce it to meet the directrix in K; 
then KF : SD :: XT : .S'l' 

:: iT^ : SD^. 
Hence iTi?' : XF' :: aS'Z) : /S'/y 

:: SF : ^JF^ by Pro^. yv 
/. the angles TSF, TSF are equal. 
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But the angles FSP", F'SP are equal, for each ig the 
complement of FSF'; 

.'. the angles TSP, TSP" are equal. 

Cob. Hence it follows that if perpendiculars TM, 
TM' be let fall upon 8P and /SP', they are equal in 
length. 

For the two triangles TSM^ TSM' have the angles 
TMSj T8M respectively equal to the angles TM'S, 
T8M', and the side TS common; and therefore the other 
sides are equal, 
and TM^TM. 

13. Peop. IX» If from any point T in the tangent 
at a point P cf a conic^ TM be drawn perpendicular to 
the focal distance SP, and TN perpendicular to Ift9 
directrix^ 

8M : TN ;: SA : AX. 



K 
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For, if PJTbe perpendicular to the directrix and /SjP be 
joined, ! 

SM : SP :: TF : FP ' | 

:: TN : PK; , 

/. SM : TN :: SP : PK 

:: /S:^ ; AX. 

This theorem, which is due to Professor Adams, may 
be employed to prove Prop. Tin. 

For if, ui the figure of Art. (12), TM^ TM* be the per- 
pendiculars from T on JSP and SPy and if 7W bo the 
perpendicular on the directrix, SM and SM' have each 
the same ratio to TN^ and are therefore equal to one 
Mother. 

Hence the triangles TS3f, TSM' are equal in all re- 
spects, and the angle PSP is bisected by ST. 

14. Pbop. X. To draw tangenisfrom any point to a 
conic. 

Let jT be the points and let a circle be described I 
about S as centre, the nulios of which bears to TN the 
ratio of SA : AX\ then, if tangents TM, TM'he drawn to 
the circle the straight lines SM, SMy produced if neces- 
sary, will intersect the conic in the points of contact of 
the tangents from T. 

16. Pkop. XL If PG the normal alP meet the cuint 
tifthe conic in O, 

SG : SP :: SA : AX. 




Let the tangent at P meet the directrix in F, and the 
latus rectum produced in D. 
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Then the angle SPG = the complement of 8PF=PFS^ 
and the angle P&G=\hQ complement of FSX=FSD; 
.*. the triangles SDF, SPQ, are similar, and 

SG : SP :: SD iSF :: SA : AX, by Prop, vn, 

16. Pbop. XII. If a tangent be drawn parallel fo a 
chord of a cofHc, the portion of this tangent which is 
intercepted by the tangents at the ends of the chord is 
bisected at the point qf contact 




Let* PP' be the chord, TP, TP' the tangents, and 
EQW the tangei^t parallel to PP". 

From the focus /S'draw 8P, /SP' and jS'Q; and draw TM, 
TM' perpendicnlarireapectiyely to SP, SP. 

Also draw front JS perpendiculars FN, EL, upon SP, 
SQ, and from J^ perpendiculars EN, EL' upon SP* 
and SQ. 

Then, since EE is parallel to PP* 

TP : EP :: TP" ; E'P\ 
but TP : EP w^Tii : EN,^ ^ 
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and TP" : J^P' :: TM' : B'N'i 

:. TM : EN :: TM* : E^N^i 
but TM^TM, Cor. Prop, vm; 

.-. EN^E^N'. 
AgaiDi by the same corollary, 

EN=EL and EN--^WV\ 
•*• EL=^EL I 
and, the triangles ^ZQ, j^'Z^Q being aimilar^ 

Cob. If TQ be produced to meet PP' m V^ 
PV : EQ :: TF : TQ, 
and PT : ^Q :; TV : TQ; 

.^PV^PT, 
that is, PP' is bisected in F. 

Hence, if tangenU he dravm at the endi qfcmp chord 
qf a conic, the point of intersection (if these tangents, the 
middle point of the chord, and the point qf contact qfthe 
tangent paraUd to the chord, all lie in one straight line, 

17. Pbop. XIII. The semi-latus rectum is an harmonic 
mean between the tteo segments qf any focal chord of a 
conic. 

Def. Three magnitudes are said to be in harmonic 
progression when the first is to the third as the difference 
between the first and second is to the difference between 
the second and third : and the second magnitude is said 
to be an harmonic mean between the first and third. 
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Let PSP^ be a focal d;Lord, and draw the ordinateB 
PN, P'N'. 

Then the triangles SPN^ 8 FN' are similar ; 
.\SP I SF ::SN :SN' 

:; NX--SX : SX-J^TX 
;: SP-SR : SRSF, 

sinoe SP, SR^ SP' ar* proportional to NX, SX, and 
NX, 

18. Prop. XIV. If from 6?, the point in which the 
normal at P meets the axis, GL be draton perpendicular 
to SP, the length PL is equal to the semi-latus rectum^ 




SF. 



Let the tangent at P meet the directrix in F, and join 



Then PLG, PSF are similar triangles ; 

.-. PL : LG :: SF : SP. 
Also SLG and SFX are similar triangles ; 

.-. LG : JSX :: SG : SF. 



Hence 



bat 



PL 



SR 



SX :: SG 

::SA 

SX :: SA 

.PL=SR. 



SP 

AX, Art. (15). 
^X,Art.(2); 



19. Prop. XV, A focal chord is divided harmoni" 
cally at the focus and the point where it meets the 
directrix. 

Let PSF produced meet the directrix in F, and draw 
PXy FK perpendicular to the directrix, fig. Art 17. 

B. 0. s. 2 
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Then PF : FF :: PK : FK' 
:: SP : ^P' 
:: PF-SF : SF-FF; 
that is, PjP, iS'/', and P'/'are in harmonic progrensidn, and 
the line PF is divided harmonically at S and F. 

20. Prop. XVI, If from any point Fin the diredHji 
tangents be drawn^ and also any straight line FPF 
eiUting the curve in P and P\ the chord PF is dicided 
harmonically at F and its point qf intersection with tlie 
chord (f contact 




. For, if QSQf be the chord of contact, it bisects the 
angle PSF, (cor. Prop. VI.), and .'., if F be the point 
of intersection of SQ and PF, 

FF : FP :: SF : SP 
FF: PV 

FF-FV : FV-FP. 
Hence FVv& an harmonic mean between FP and FF. 
The last two theorems are particular cases of more 
general theorems, which will appear hereafter. 



EXAMPLES. 

>1. Hayino given a point P of a conic, the tangent at P, 
and the directrix, find the locus of the focua. 

., 2. ' If PSQ be a focal chord, and X the foot of the directrix, 
XP and XQ are equally inclined to the axifl. 

^.3. If a chord PQ, meet the dlredxix in P, SP and SQ are 
equally inclined to SF, 

•4. If PK be the perpendicular from a point P of a conic on 
the directrix, and 8K meet the tangent at the vertex in E, the 
ajigles SPE, KPE are equal. 

• 5. If the tangent at P meet the directrix in F and the axis 
in T, the angles K8F, FTS are equal. 

6. PSP* is a focal chord, PN, P'N' are the ordinatea, and 
PK, P'K' perpendiculars on the directrix ; if KN^ KN' meet in 
Z, the triangle LNN' is isosceles. 

• 7. The focal distance of a point on a conic is equal to the 
length of the ordinate prodaced to meet the tangent at the end 
of the latus rectum. 

8. The normal at any point bears to the semi-latus rectum 
the ratio of the focal distance of the point to the diitance of the 
focus from the tangent. 

. 9. Oiven the focus and directrix, and a tangent, find the 
point of contact. 

, 10. The chord of a conic is given in length ; prove that, if 
this length exceed the latus rectum, the distance from the di- 
rectrix of the middle point of the chord is least when the chord 
passes through the focus. 

11. The portion of any tangent to a conic, intercepted be- 
tween two fixed tangents, subtends a constant angle at the focus. 

12. Given two points of a conic, and the directrix, find the 
locus of the focus. 

13. From any fixed point in the axis a line is drawn per- 
pendicular to the tangent at P and meeting SP in i2 ; the locus 
of i{ is a circle. 

14. If the tangent at the end of the latus rectum meet the 
tangent at the vertex in T^ AT -AS, 

15. If F be any point on the directrix, and E^ E" points on 
the directrix such that FE^FE'^FS, then EA and E'A will 
meet the conic in the points of contact of tangents from F» 

2—2 
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16. 8R hebkg the leiiu-laiai reelmn, if RA meet tlie direo* 
trix in B, and 8£ meet the tangent at the vertex in T, 

17. If from any point T, in the tanj^ent at P, TM be drawn 
perpendicvlar to 8P, and TJ/ perpendicuUur W tk$ transverse 
axis, meeting the curve' in Jt^ SM-^^JL 

18. If the chordu PQ, P'Qm^et the ^foectrix in i^ and P', 
the angle FSF is half PSP". 

19. If PN be the ordinate, PO the normal, and 6L the 
perpendicular from npon SP, 

61 : PN :: 8A : ^X. 

20. If normahi be drawn at the ends of a^foeal ohotc^ a. Une 
through their intccBeolioii pacallel to. the axia will bisect ttie 
chord. 

21. If Pl^ be a focal chord of a eomo, Q anjp point of tfie 
conic, and if PQ, pQ meet the directrix in J> and £, DSE i» a 
right angle. 

ITbis theorem indodes, as partioolar oases, theorems subse- 
qnently gifen in Articles 25, 27, 53, and 90.] 

22. If PSP' be a focal chord, and RR' the latas rectum, 

^SP.SP'^^RK.PF. 

23. If ^ be the foot of the perpendicular let fall upon PSl^' 
from the point of intersection of the normals at P and P\ 

PE^8P'9JidP'E = SP. 

24. If a circle be described on the latus rectum as dianteter, 
and if the common tangent to the conic and circle touch the 
conic in P and the drule in Q, the angle P8Q is bisected by the 
Ifttus rectum. (Refer to Cor. 2. Art. 11.) 

25. Given two points, the focus, and the eccentricity^ 
determine the position of the axis. 

26. If a chord PQ subtend a constant angle at the focus, 
the locus of the intersection of the tangents at P and Q is a conic 
with the same focus and directrix. 

27. Pp is any chord of a conic, PO, pg the normals, O, g 
being on the axis ; GL, gl are perpendiculars on Pp ; shew that 
PL and pi are equal to one another. 



CHAPTER II, 

THE PARABOLA. 

DBF. A parabola i» the curve traced otit by a point 
which moves in ntch a manner that its distance from a 
given point is always equal to its distance from a given 
straight line. 

Tracing the Curve, 
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21. Let 8 be the focus, EX 1^ directrix, «nd SX tke 
perpendicular on EX. Then, bisecting SX in A^ the point 
A is the yertex ; and, if from any ^int E in the directrix, 
EAP^ ESL be drawn, and from 8 the straight line 8P 
meeting EA produced in P, and making the angle P8L 
equal to LSN, we obtain {as in Art (1)}, a point P in the 
curve. 



For 



and 



PL : PK :: .S'^ : AX, 
.\PL=PK. 
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ne Parabola. 



Bui SP^PL, and /. SP^PK. 

Agmin, dtmwiii^ EP' paraDd to the axis and meetiiig in 
P' the line PS prodnoed, we obtain the other extremitj of 
the focal diord PSP'. 

Forthean^e ESP^^PSL^PLS 
^SEP', 
and /. SP'^P'E, 

and P' is a p<vint in the parabola. 

The eurf e lies wholly on the same side of the directrix ; 




for, if P' be a point on the other side, and SN be perpen- 
dicular to P'K^ SP' is greater than P'Ny and therefore is 
greater than P'K. 

Again, a straight line parallel to the axis meets the 
carve in one point only. 

For, if possible, let P** be another point of the curve in 
KP produced. 

Then SP=PKwASP"^P"K\ 

.\PP"=SP''^SP, 
or PR'+SP=SP\ 

which 1*8 impossible. 

Lastly, the curve has infinite branches; for, since 
PS^PK=PLy it follows that P is the centre of the circle 
passing through K^ S, and Z, aiid therefore the angle K'SL 
in a semicircle is a right angle ; hence it follows that, as E 
approaches X, the point Amoves awa/Jrom X, and there- 
fore the point P moves away from t^^ axis, its distance 
becoming largor as the distance ^X^imiuishes. Since 
Eii'IT is a right angle the rectangle E^. KX is equal to 
SX\ and therefore when EX is iud^fl&itely small, KX is 
indefinitely large. The curve ther^re bas two branches 
proceeding to infinity. /^ 



\ 
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2Z Pkop. I. Th£ distance from ths/oeui qfapotnf 
inside a parabola is less, and qfa point outside is greater, 
than its distance from the directrix. 

If Q be the point 
inside, let fail the per- ^ 
pendicular QPK^ on , 
the directrix, meeting ^ 
the cnrve in P, 

Then SP+PQ>SQ, 
hut SP+PQ ^ 

•^PK-^PQ^QK, 

If Of be outside, and 
between P and iT, 

sq:^pq'>sp, 

If Q lie in PK produced, 

8i^-^SP>P(^, 
and .-. Si^^KQf. 

23. Pbop. IL The Lotus Rectum =4 . AS, 

For if. Fig. Art 22, LSL' be the Latus Rectum, draw- 
ing LK^ at right angles to the directrix, we have 
LS=L£:'=SX^2AS, 
:.LSL'=4:.AS. 

24. Mechanical construction qf the Parabola, 
Take a rigid bar 

EKL, of which the por- 
tions EKyKL are at right 
. angles to eacli other, and 
fasten a string to the 
end L, the length of 
which is LK. Then if 
the ' other end of the 
string be fastened to S^ 
and the bar be made to slide along the durectrix, a pencil 
at Py keeping the string stretched against the bar, will 
trace out a portion .of a parabola. 



1 
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S5. Pkop.III. 



lie Parabola. 

IfPNhe the ordinate of a paint P, 
PI^^iAS. AN. 




Draw the lines PAE,^ 
ESL, KPL, and join 

Then SP^PL^PK. 
RetaceKSLj^d .\KSE, 
is a right angle, 
9SidEX.KX=8X^ 

=AAS*) 
also '"I ^pt 

AN : AX :: PN : EX 
or -4iV : ^^y :: PN^ : EX . XX, 

4AS.AN : 4^>S^ :: PiV^ : 4^1^^ 
.\PN*^4AS.AN. 

26. Conversely, if it be known that at every point of a curre 
the relation PN*=^AAS , ^iVholda true, the curve is a parabola. 

In NA produced take AX equal io AS ^ draw EXK at right 
angles to XN, and iTPX parallel to XI^; also drawP^^, and ESL 

Then -^V : AX :: PN : EX, 

or AN : A8 :: PN* : EX . JTX, 

,'.EX.KX^4AS*^SX!*. 

Hence JTiSf^, and .-. K8L, is a right angle, 
and, since SA^AX, PL^PX, 

and therefore P is the centre 
K, S, and X. 

Hence it follows that SP:^ 
parabola^ 

27. Prop. IV. If from the ends of a focal chord 
perpendiculars he let faU upon the directrix, the inter- 
cepted portion of the directrix svSbtends a right angle at 
the focus. 

For, if the straight line through j& parallel to the axis 
meet PS in P, P' is the other eztreuiity of the fooal 
chord PSf and, as in Art. 25, XSE is la right angle. 

Goa. Since ES bisects the angle ASP\ Art. 21, it 
follows that AT/S' bisects the angle ASP. 



the circle passing tlurough 
=PK, which is the definhioQ^ of a 
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58. P&OP. V. The tangent at any point P Useds the 
angle hetvoeen the/becUdwtanee SP and the perpendicular 
PK on the directrix. 




Let F be the point in 
which the tangent meets the 
directrix, and join SF. 

We have shewn, (Art 6) 
that FSP is a right angle, 
and, since SP=Pir,mdPF 
is common to the right-angled 
triangles SPF, KPF, it fol- 
lows that these triangles are 
eqnal in all respects, and 
therefore the angle 

SPF=FPK. 



In other words, the tangent at any point is equally 
inclined to the focal distance and the awis. 

Cob. It has been shewn, hi Art. (9), that the tangents at 
the ends of a fooal chord intersect in the directrix, and there- 
fore, if PS produced meet the curve in P', FP^ is the tangent At 
P, and bisects the aogle between 8P' and the perpendicular 
from P on the directrix. 

29. Prop. VI. Th^ tangents at the ends qfa focal 
chord intersect at right angles in the directrix. 

Let PSP' be the chord, and 
PFy P^F the taiigents meeting the 
directrix in F, 

Let fall the perpendiculars PK, 
PK',sxidiiomSK,SK\ 

The ang:le P'SK'^^PSX 

= \SPK^SPF, 
.-. SK' is parallel to PF, 
and, 8imil«rl7,v$'jris parallel to PF, 

But (Art 27) KSK is a right angle; 

.*. PFP is a right angle. 
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30. Prop. VI I. Xfthe tangent at any point P^ofa para- 
bola meet the axis in T^ and PNhe the ordinate of JP^ then 

AT=AN. 
Draw PK perpen- 
dicular to the directrix. 

The angle SPT 
= TPK 
=PTS, 
.-. ST=SP 
=PK 
=NX. 

But ST=-SAiAT, 

and NX=AN-k^AX; 

.'. since SA = AXy 
AT=AN. 
Def. The line NT is called the gub4angent. 

The sub-tangent is therefore twice the abscissa of the 
point of contact. 

31. Prop. VIII. The foot qf the perpendicular frm, 
the focus on the tangent at any point P qf a parabola lies 
on the tangent at t/ie vertex, and the perpendicular u 
a mean proportional between SP and JSA. 

Taking the figure of the previous article, join SK 
meeting PT in Y. 

Then SP=PX, and PF is common to the two tri- 
angles a^P F, JTP F; 

also the angle SPY= YPX; 
.-. the angle SYP=P YK, 
and SYh perpendicular to PT 

A\&oSY=-KY,mdiSA=AX,.\SYi YX::SA : AX, 
and ^ y is parallel to KX, 

Hence, ^ F is at right angles to AS, and is therefore 
the tangent at the vertex. 

Again, the angle^Py=^ry=/S'y-4, and the triangles 
SP Y, SYA are therefore similar; 

.-. SP : SY :: SY : SA, 
or SY^^SP.SA. 
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32. PfLOP. IX. In the parabola the sidniormal i» 
constant and equal to the »emi4attu Rectum, 

Def. The distance between the foot qf the ordinate 
of P oflfid the point in which the normal at P meets the 
aads is called the subnormal. 
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In the figure VG is the normal and P^the tangent 

It has been shewn that the angle SPKib bisected by 
PT, and hence it follows that SPL is bisected by PG, 

and that the angle SPG=GPL=PGSi 

hence SG=SP=^ST 

=SA^AT=SA^AN 
^2AS^SN; 
.', the subnormal NG=2AS. 



S3. Cob. liOlhe drawn perpendicalar to SP, 

the angle GPl= the complement of SPT, 

= the complement of STP, 

^PGN, 

and the two right-angled triangles OPN, OPl have their angles 
eqaal and the side OP common ; hence the triangles are equal, 
and 

Pl=NG=-2A8 

s=the semi-latus Rectum. 

It has been already shewn. Art. (18), that this property is a 
general property of all conies. 
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The Parabola, 
To drcno tangents to aparc^la/rom 



34. Pbop. X. 
an external point. 

For this purpose we may employ the general constmc- 
iSon grven in Art. (14), or, for the i^>ecial case of tk 
paraboia^ the following construotion. 




Let ^ be ^e external point, join BQ^ and upon SQ as 
diameter describe a circle intersecting the tangent at the 
vertex in Yand Y'. Join YQy VQ, these are tangents 
to the parabola. 

Draw SP^ so as tomaiiethe angle raP equal to YSA, 
and to meet YQ in P, and let fall the perpendicular JPl^ 
upon theaxip. 

Then, SYQ is a right angle, since it is the angle in a 
semicircle, and, T being the point in which QF produced 
meets the axis, the two triangles BYPy SYTjsiXQ equal in 
all respects; 

/. SP=ST, and YT^ YP. 

But ^ r is parallel to PN\ 

Hence SP=ST=SA + AT 

=AX-\-AN 

and P is a point in the parabola. 

Moreover, if PK be perpendicular to the directrix, the 
angle SPY=8TP = YPK, 

and P F is the tangent at P. Art. (28). 

Similarly, by making the -angle Y'SP' equal to Jf aS' Y', 
we obtain the point of contact of tiie other tangent Q Y\ 
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35. Prop. XI. Tf from a point Q tangents QPjiiP' 
he drawn to a parabola^ the ttoo triangles S Q» SQP* are 
similar, and SQ is a mean proportioned between JSP 
andSP. 
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Produce PQ to meet the axis in T, and draw SYy ST 
I)erpendicularly on the tangents. Then Y and Y* are 
points in the tangent at A, 



The angle 



JSPQ'STY 
=SYA 
^SQP\ 



since /S> Y\ Y, Q are points on a circle, and SYA, SQP^ 
are in the same segment. 

Also, by the theorem of Art. (12), the angle 

PSQ = QSP'i 

therefore the triangles PSQ, QSP' are similar, and 

SP : SQ :: SQ : SP\ 

36. From the theorem of Art. 35 the following, which 
is often useful, immediat^y follows. 

If from any points in a given tangent qfaparaboloy 
tangents be drawn to the curve, the angles which these 
tangents make with the focal distances qfthe points from 
which they are draton are all eqieal. 
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For each of them, by the theorem, is equal to the angle 
between the given tangent and the focal distance of the 
point of contact. 

87. Since the two triangles PSQ, QSP' are similar, we 
have 

PQ : P'Q :: SP : SQ 

and PQ ; P'Q :: SQ : SP', 

.\Pq?\P'Q^ iiSPiSP'i 

that is, the squares of the tangents from any point are pro- 
portional to the focal distances of the points of contact. 

This will be found to be a particular case of a subsequent 
Theorem. 

38. Prop. XII. The external angle between two tan- 
gents u half the angle subtended at the focus by the chord 
qfcontiKt, 

Let the tangents at P and P intersect each other in Q 
and the axis ASNin Tand T\ 

Join SP, SP; then the angles SPT, STP are equaJ, 
and .-. STP is half the angle PSN] similarly STP is 
h^MP'SN, 




But TQTvA equal to the difference between STP and 
STP\ and is therefore equal to half the difference be- 
tween PSN and PSN, that is to half the angle PSP". 

Hence, joining SQ, TQT is equal to each of the angles 
PSQ, P'SQ. 
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39. Pbop. XIIL The tangents drawn to a parabola 
from any point make the same angles, respectively, with 
the axis and the focal distance qf the point. 




Let QP, QR be the tangents ; join SP, and draw QE 
parallel to the axis, and meeting SP in E. 

Then, if PQ meet the axis in T, the angle 

EQP=^STP=SPQ 

^-SQP'. Art. (36). 

t. e, QP and QP" respectively make the same angles 
with the axis and with QS. 

40. Conceive a parabola to be drawn paasing throagh Q, 
having S for its focus, SN for its axis, and its vertex on the same 
side of £1 as the vertex A of the given parabola. Then the normal 
at Q to this new parabola bisects the angle SQE; therefore the 
angles which QP and QP make with the normal at Q are equal. 

Hence the theorem, 

If from any point in a parabola, tangents he dravm to a 
confoeal and co-axial parahola, the normal at the point mU bisect 
the angle between the tangents. 

In this enunciation the words co-axial and oonfocal are 
intended to imply, not merely the coincidence of the axes, but 
aUo that the vertices of the two parabolas are on the same side 
of theii* common focus. 

The reason for this will appear when we shall have discussed 
the analogous property of the ellipse. 
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• 41. Peop. XIV. The circle paedng through the 
points qf intersection qf three tangents passes also throt^h 
thefoctis. 




Let Q, P, C be the three points of contact^ and 
jP, Ty F' the intersections of the tangents. I 

In Art (35) it has been shewn thai, liFP, FQ be tan- 
gents, the angle 

SQF^SFP. 

Similarly TQ, TQ! being tangents^ the angle 

sqt=stq:, 

hence the angle SFF or SFP^SQTy 

and a circle can be drawn through S, F^ T, and F^. 



42. Dbp. a straight line draien parallel to tfie axit 
through any point qf a parabola is called a diameter. 
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Pbop. XV. If from any point T tangenU TQ, TQ" U 
drawn to a parabola, the point Tii equidistant from the 
diameten passing throtigh Q and Qf, and the diameter 
draton through the point T Insects the chord qf contact. 

Join SQ, SQ", and draw TM, TM perpendicular re- 
spectiyely to SQ, and S^. 




Also draw NTN* perpendicular to the diameters 
through Q and Q', and meeting those diameters in N 

Then, since 7/9 bisects the angle QSQ', 

and, since TQ bisects the angle SQN, 

TN= TM. 
Similarly TN'^TAf, 

.\ TN= TN\ 
Again, join QQ^. and draw the diameter TV meeting 
QQ in Vi also let CTproduced meet QN' in B ; 
then QV : VQ :: QT . TR 

:: TN : TN\ 
since the triangles QTNy BTN' are similar ; 

Hence ths diameter through ths middle point qf a 
chord passes, when produced, through the point qf inter- 
section qfthe tangents at the ends qft/ie chord. 

It should be noticed that any straight line drawn 
through T and terminated by QN and Q^N' is bisected 

atr. 

B.C. S. 3 
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43. Prop. XYI. Any diameter hieecte all chorik 
paraUel to 1^ tangent at its extremity, and passee throuffi^ 
the paint qf intersection of the tangents at the endsqfanjf^ 
qf these chords. 

Let QQ' be a chord parallel to the tangent at i', andj 
through the pohit of intersection T of the tangents at 
Q and Q' draw FTF' parallel to Q^ and terminated ati 
F and F by the diameters through Q and Q". ' 

Let the tangent at P meet TQ, TQ" in J^ and ^, and 
QF, qF in G? and G\ 




Then 



EG: TF 



EQ : 


TQ 


EQ^ 


: T(r 


E*G' 


: TF\ 



But TF= TF\ since, Art (42), T is equidistant from 
QG and Q'G\ 

:. EG^WG\ 
Also, EP-EG, since ^ is equidistant from QG and Pr, 
.-. EP^E'P and GP=PG\ 
Hence^ P F being the diameter at P, 

Again, since T, P, F are each equidistant from the 
paraUcl straight lines QF, QF, it follows that IP F is a 
straight line, or that the diameter VP passes through T^ 
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"We have shewn that GE, EP, PE^ E'G' are all equal, 
and we hence infer that 

EE^\GG'^\qQ\ 

and consequently that TP=\ TV or that TP=PV. 

Hence it appears, that the diameter through the point 
of intersection of a pair of tangents passes through the 
point €f contact qf the tangent parallel to the chard of 
contact, and also through the middle point qf the chord qf 
contact; and that the portion of ths diameter between the 
point qf intersection of the tangents and the middle point 
qf the ch^ord qf contact is bisected at the point qf contact 
qfthe parallel tangent. 

We may obsenre that in proving that EE is bisected 
at P, we haye demonstrated a theorem already shewn, 
Art. (IC), to be true for all conies. 

44. Dbf. The line QV, parallel to the tangent at P, 
and terminated by the diameter P V, is called an ordinate 
of tJuxt diameter, and QQf is the double ordinate. The 
point Py ths end qf the diameter, is called its vertex. 

We obsenre that tangents at the ends of any chord 
intersect in the diameter which bisects the chord, and that 
the distance of this point from the vertex is equal to the 
distance of the vertex from the middle point of the chord. 

Dbf. The chord through the focus parallel to the 
tangent at any point is called the parameter qf the 
diameter passing through the point. 

Prop. XVII. The parameter qf any diameter is 
four times the focal distance qf the vertex qf that dia- 
meter. 

Let P be the vertex, and QSQ^ the parameter, 7* the 
point of intersection of the tangents at Q and Q', and 
/y-F' the tangent at P. 

3—2 
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Then« aince FS and F'S bisect reipectiTely Uie aogles 




PSi^j PSQ\ FSF is a right angle, and, P being the 
middle point of FF, J^P = PF= PF. 

Hence QQ', which ia double FF\ is four times SP. 

45. Pkop. XVIII. I/QVQ'bea double ordinate of a 
diameter PVyQV is a mean proportional between JPV 
and the parameter qf P. 




Let FPF be the tangent at P, and draw the parameter 
through S meeting P Fin 27. 

The angle SUT= FP U= SPF, Art 26; 
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and, 811106 the angles SFQ, SPF are eqnal (Art 35), it 
follows tiiat the angles SFT, SPF are equal ; 

.% SUT=SFTf and 27 is a point in the drde puasing 
through SFTF. 

Henoe, QFheing twice PF, 

QV*=4PF^=4PU.PT; 

but PU=SP, 

for the angle SUP^^FPU^^SPF^PSU; 

and PT=PV, 

:.QV^=^4SP.PF. 

46. Prop. XIX. J[f QVQ' he a double ordinate of a 
diameter PV, and QD the perpendicular from Q upon 
P V, QD is a mean proportioned between P V and the 
latzis rectum. 

o 




Let the tangent at P meet the tangent at the vertex in 
y, and join ^KT. 

The angle QVD=:SPY=SYAy^ and therefore the 
triangles Q VD, /SAY wre similar ; 



and 



Imt 



QD» : QF» 



AS* : SY^ 

AS* : AS.SP 

AS : SP 

4AS.PV ; 4SP.Pr, 
QV*^4SP.PV', 
QD'=4AS.PF. 
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47. Pkop. XX. Jffrom tmy point, toithin or with' 
otU a parabola, two straight lines be drawn in given 
directioni and intersecting ths curve, the ratio qf the 
rectangles of the segments is independent qf the position of 
the point, 

O 




From aoy point draw a straight line intersecting the 
parabola in Q and Q^, and draw the diameter OE, meeting 
the curve in E. 

Let PF be the diameter bisecting QQf, and draw the 
ordinate EU. ^ 

Then OQ.OC=Or»-Qr» 

=EIP-QV^ 

=4SP. OE. 

Similarly, if ORR^ be any other intersecting line and P* 
the vertex of the diameter bisecting RR^, 

0R.0R^=4SP'.0E. 
Therefore 

OQ.OQ' : OR. OR :: SP : SP', 

that is, the ratio of the rectangles depends only on the 
positions of P and P", and, if the lines OQQ^, ORR are 
drawn parallel to given straight lines, these points P, F* 
are fixed. 
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It will be easily seen that the proof is the same if the 
point O be within the parabola. 

If the lines OQQ', ORR' be moved parallel to themselves 
until they become the tangents at P and P^, we shall then 
obtain, if these tangents intersect in T, 

TF^ : TP^ :: SP : SP', 
a result previously obtained (Art 37). 

48. Pkop. XXL Iffrom a point 0, otUside a para- 
bold, a tangent OM, and a chord OAB he draton, and if 
the diameter ME meet the chord in E^ 

OE^^OA.OB. 




Let P be the point of contact of the tangent parallel to 
OAB^ and let OM^ ME meet this tangent in Tand F. 

Draw TF parallel to the axis and meeting PjWin V; 

then OA.OB \ Om :: TP^ : rif«(Art47), 

:: TF^ : TM\ 

since PJf is bisected in V\ 

also TF '. TM :: OE : 0M\ 

:. OE^^OA.OB. 
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€!oB. If AL, BNhe the ordinates, parallel to OM, of 
Ay and B, ML, ME, and MN are proportional to OA^ OJS 
and OB, and therefore 

ME^=ML.MN. 
This theorem may be also stated in the foDo^ng form: 
ffa ch/yrd AB qf a parabola intersect a diameter in 
the point E, the distance qf the point Efrom the tangent at 
tlie end qf the diameter is a mean proportional between 
the distances qf the points A and B frwn the same tan- 
gent, 

• 49. Pbop. XXII. ff a circle intersect a parabola in 
four points, the two straight lines constituting any one of 
the three pairs of the chords qf intersection are eqtMlly 
inclined to the aais. 

Let Q, Q^, B, Bf be the four points of intersection ; 
then OQ,OQ'=^OR.ORf, 

and therefore SP, SP' are equal, Art (47). 




But, if SP, SP be equal, the points P, P" are on 
opposite sides of, and are equidistant from the axis, and 
the tangents at P and P' are therefore equally inclined to 
the axis. 

Hence the chords QQ^, RR', which are parallel to these 
tangents, are equally inclined to the axis. 
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In the sam* manner it may be flAiewn that QR, Q^Ef 
are equally inclined to the axis, as also QB^, Q^R. 

50. Conyersely, if two chords QQ', RR^ which are not 
j>arallel, make equal angles with the axis, a circle can be drawn 
through QQ; RR, 

Vot, if the chords intersect in 0, and OE be drawn parallel 
to the axis and meeting the curve in E^ it may be shewn as 
above that 

OQ . OQ' =:4SP . OiT and OJJ . OiT- 4fifP' . 0^, 
J* and P' being the vertices of the diameters Insectmg the 
chords 

But the tangents at P and P', which are parallel to the 
chords, are equally inclined to the axis, and therefore SP is equal 
to SP'. 

Hence OQ.OQl^OR.OR, 

and therefore a circle can be drawn through the points Q, Q!, J2, R, 

If the two chords are both perpendicular to the axis, it is 
obvious that a circle can be drawn through their extremities, and 
this is the only case in which a circle can be drawn through the 
extremities of parallel chords. 



EXAMPLES. 

1. Enm the lo^us of the centre of a circle which passM 
timmgh a given point and touches a given straight line. 

« 2. Draw a tangent to a parabola, making a given angle with 
ihdaxis. 

, 8. If the tangent at P meet the tangent at the vertex in T, 
A7*=AS,AN. 

* 4. If the normal at P meet the axis in O, the focus is equi- 
distant ftota the tangent at P and the straight line through Q 
parallel to the tangent. 

• 5. Given the focus, thd position of the axis, and a tangent, 
construct the parabola. 

6. Find the locus of the centre of a circle which touches a 
given stra^ht line and a given circle. 

• 7. Go|/tstrttct a pftrabola which has a given focus, and two 
given tangents. 
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* 8. The distance of any point on a parabola from the focos 
is equal to the length of the ordinate at that point produced to 
meet the tangent at the end of the latus rectum. 

• 9. PT being the tangent at jP, meeting the axis in T^ and 
PiVthe ordinate, prove that TY,TP=TS, TN. 

, 10. If 8E be the peipendicular from the focuB on the normal 
at P. shew that 

8E^:=AN.SP. 

-^ 11. The locus of the vertices of all parabolas^ which have a 
eommon focus and a common tangent, is a circle. 

>• 12. Having given the focus, the length of the latus rectum, 
and a tangent, construct the parabola. 

18, If PSP* be a focal chord, and PxV, P'N" the ordinates, 
shew that 

Shew also that the latus rectum is a mean proportional between 
the double ordinates. 

14. The locus of the middle points of the focal chords of a 
parabola is another parabola. 

15. Shew that in general two parabolas can be drawn having 
a given straight line for directrix, and passing through two 
given points on the same side of the line. 

16. Pp is a chord perpendicular to the axis, and the perpen- 
dicular from p on the tangent at P meets the diameter through 
P in ii ; prove that RP is equal to the latus rectum, and find the 
locus of i2. 

» 17. Having given the focus, describe a parabola passing 
through two given points. 

18. The circle on any focal distance as diameter touches the ' 
tangent at the vertex. 

^ 19. The circle on any focal chord as diameter touches the 
directrix. 

20. A point moves so that its shortest distance from a given 
circle is equal to its distance from a given diameter of the circle ; 
prove that the locus is a parabola, the focus of which coincides 
with the centre of the circle. 

21. Find the locus of a point which moves so that its shortest 
distance from a given circle is equal to its distance froi:n a given 
straight line. ^ 
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22. If APG be a sector of a circle, of which the radius 
CA ia fixed, and a circle be described, touching the radii CAp 
CP^ and the arc AP, the locus of the centre of this circle is a 
parabola. 

23. If from the focus /9 of a parabola, <SF, 8Z be perpen«» 
diculars drawn to the tangent and normal at any point, YZ is 
parallel to the diameter. 

24. Prove that the locus of the foot of the perpendicular 
from the focus on the normal is a parabola. 

25. If PO be the normal, and GL the perpendicular from Q 
"opon 8P, prove that OL is equal to the ordinate PN, 

26. Given the focus, a point P on the curve, and the length 
of the perpendicular from the focus on the tangent at P, find the 
vertex. 

27. A circle is described on the latus rectum as diameter, 
and a common tangent QP is drawn to it and the parabola : shew 
that SP, SQ make equal angles with the latus rectum. 

28. is the foot of the normal at a point P of the parabola^ 
Q is the middle point of SO, and X is the foot of the directrix : 
prove that 

29. If PO the normal at P meet the axis in 0, and if PJ^^ 
PH, lines equally inclined to PO, meet the axis in P and H, the 
length 80 is a mean proportional between 8P and SH» 

80. A triangle ABG cbcumscribes a parabola whose focus is 
S, and through A, B, C, lines are drawn respectively perpen- 
dicular to 8 A, SB, SO; shew that these pass through one point. 

81. If PQ be the normal at P meeting the curve in Q, and 
if the chord PB be drawn so that PR, PQ are equally inclined 
to the axis, PBQ is a right angle* 

32. PN is a semi-ordinate of a parabola, and AM is taken 
on the other side of the vertex along the axis equal to AN; from 
any point Q in PN, QR is drawn parallel to the axis meeting the 
curve in B ; prove that the lines MB, AQ will intersect in the 
parabola. 

38. Having given two points of a parabola, the direction of 
the axis^ and the tangent at one of the pointS| construct the 
parabola. 

84. Ha^g given the vertex of a diameter, and, a oorre* 
sponding doable ordinate, construct the paraboU* 
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85« PM w an ovdinftte of a point P; a itzaigkt lifte panllel 
to the aads biMoU PM^ mod moeta the onrre in Q ; M<^ meete 
the tangent at the vertex in T ; proTe that 8^ T=^2PM. 

86. AB, CD arc two parallel itraight lines given in poeitioo, 
and AC is perpendienlar to both, A and C being given points ; 
m CD any point Q is taken, and in AQ, prodaoed if neeeasaiy, a 
point P is taken, such that the distance of P from ^^ ia equal 
%o OQ; prove that the locos of P is a parabola. 

87. If the tangent and normal at a pmnt P ct h parabola 
meet the tangent at the vertex in K and L respectively, prove 
that 

£1^ : 8P^ :: SP-AS : AS. 

Sa. Having giv«n the length of a fooJ ehoK^ find its 
position. 

89. If the ordinate of a point P bisects the snbnormal of a 
point P', prove that the ordinate of jP is equal to the normal 
ofP'. 

40. A parabola being traced on a plane, find its axis and 
Vertex. 

41. If PF, PT' be two diameters, and PF, PT ordinates 
to these diameters, 

pr^PT. 

42. If one side of a triangle be parallel to the axis of a 

parabola, the other sides will be in the ratio of the tangents 
(parallel to them. 

48. If PSpf QSq be focal chords, 

PS,Sp I QJS.Sq :: Pp : Qq. 

44. Q VQ! is an ordinate of a diameter PY^ and any cheid 
PR meets QQ' in iV, and the diameter through Q in Z; prove 
that 

Pl^^PN.PR. 

45. Describe a parabola passing through three given points^ 
and having its axis parallel to a given linew 

. 46. If APf ilQ be two chords drawn from the vertex at 
right angles to each other, and PN, Q3f be ordinates, the latus 
rectum is a mean proportional between AN and AM, 

47. PSp is a focal chord of a parabola ; prove that AP, Ap 
meet the latus rectum in two points whose distaneee from the 
focus are equal to the ordinates of p and P ro^tectively. 
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48. A chord PQ of a parabola ib noniial to tlis parabola at 
J*, and the angle PSQ is a right angle ; shew that SQ»28P, 

49. From any point Q in the line JBQ which is perpendicoUr 
to the axis CAB of h parabola, rertex At QR is drawn parallel 
to the axis to meet the curve in R ; prove that iiCAhe equal to 
AB, the lines AQ, CR will meet on the parabola. 

50. From the vertex of a parabola a perpendicular is drawn 
on the tangent at any point ; prove that the locus of its inter- 
section with the diameter through the point is a straight line. 

51. If two tangents to a parabola be drawn from any point 
in its axis, and if any other tangent intersect these two in P and 
Q^ prove that /SP=:<SQ. 

52. T is a point on the tangent at P, such that the perpen* 
dicular from T on. 8P \a of constant length ; prove that the loons 
of T is a parabola. 

If the constant length be 2wijSf,*prove that the vertex of the 
locus is on the directrix. 

53. Given a chord of a parabola in magnitude and position, 
and the point in which the axis cuts the chord, the locus of the 
vertex is a circle. 

54. If the normal at a point P of a parabola meet the curve 
in Q, and the tangents at P and Q intersect in T, prove that T 
and P are equidiBtaat from the directrix. 

55. If TP, TQ, be tangents to a parabola^ such that the 
chord PQ is normal at P, 

PQ I PT II PN I AN, 
PN and AN being the ordinato and abscissa. 

56. If two equal tangents to a parabola be cut by a third 
tangent, the alternate segments of the two tangents will be equal. 

57. If AP be a chord through the vertex, and if PX, per- 
pendicular to AP, and PG, the noi mal at P, meet the axis in 
X, O respectively, (?Zshalf the latus rectum* 

58. If PS(l be a focal chord, A the vertex, and PA, QA be 
produced to meet the directrix in P', C respectively, then P'SQf 
will be a right angle. 

. 59. The tangents at P and Q intersect in T, and the tasgent 
at R intorseots TP and TQ in C7aad i>; prove that 
PC I CT i: CR : RD :: TJ) : DQ, 
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60. From any point J) in the Utns reetam of a parabola, a 
■tndght line DP is drawn, parallel to the axis, to meet the cnrre 
in P; if X be the foot of the directrix, and A the yeriex, prove 
that AD, XP intersect in the parabola. 

61. PSp is a focal chord, and upon PS and pS as diameters 
drdes are described ; prove that the length of either of their 
common tangents is a mean proportional between AS and Pp» 

62. H AQ he M, chord of a parabola through the vertex A, 
and QR be drawn perpendicular to ilQ to meet the axis in £; 
prove that AR will be equal to the chord through the focus 
parallel to ^Q. 

63. If from any point P of a drole, PC be drawn to the 
centre C, and a chord PQ be drawn parallel to the diameter A£, 
and bisected in R; shew that the locus of the intersection of CP 
and AR is a parabola. 

64. A circle, the diameter of which is three-fourths of the 
latus rectum, is described about the vertex A of' a parabola as 
centre ; prove that the common chord bisects AS, 

66. Shew that straight lines drawn perpendicular to the 
tangents of a parabola through the points where they meet a 
given fixed line perpendicular to the axis are in general tangents 
to a oonfocal parabola. 

66. If QR be a double ordinate, and PD a straight line 
drawn parallel to the axis from any point P of the curve, and 
meeting QR in D, prove, from Art. 25, that 

QD.RD^iAS.PD. 

67. Prove, by help of the preceding theorem, that, if QQ' be 
a chord parallel to the tangent at P, QQ^ is bisected by PD, and 
hence determine the locus of the middle point of a series of 
parallel chords. 

68. If a parabola touch the ndes of an equilateral triangle, 
the focal distance of any vertex of the triangle passes through the 
point of contact of the opposite side. ^ 

69. Find the locus of the foci of the parabolas which have a 
common vertex and a common tangent. 

70. From the points where the normals to a parabola meet 
the axis, lines are drawn perpendiedlar to the normah: shew 
that these lines witt be tangents to an equal parabola. 
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71. Inscribe in % given parabola a triangle having it« ndes 
parallel to three given straight lines. 

72. PNP' is a double ordinate, and through a point of the 
parabola RQL is drawn perpendicular to PP' and meeting PA, or 
PA produced in R \ prove that 

PN:NL::LR:RQ. 

73. PNy is a double ordinate, and through iZ, a point in the 
tangent at P, RQM is drawn perpendicular to PP' and meeting 
the curve in Q ; prove that 

QMiQRiiP'M: PM. 

74. If from the point of contact of a tangent to a parabola, 
a chord be drawn, and a line parallel to the axis meeting the 
chord, the tangent, and the curve, shew that this line will be 
divided by them in the same ratio as it divides the chord. 

75. PSp is a focal chord of a parabola, RD is the 'directrix 
meeting the axis in i>, Q is any point in the curve ; prove that if 
QPy Qp produced meet the directrix in R, r, half the latus rectum 
will be a mean proportional between I>R and J)r, 

76. A chord of a parabola is drawn parallel to a given 
straight line, and on this chord as diameter a circle is described; 
prove that the distance between the middle points of this chord, 
and of the chord joining the other two points of intersection of the 
circle and parabola, will be of constant length. 

77. If a circle and a parabola have a common tangent at P, 
and intersect in Q and R ; and if QF, UR be drawn parallel to 
the axis of the parabok meeting the circle in V and U respec- 
Uwly^ then will VU be parallel to the tangent at P. 

78. If P F be the diameter through any point P, Q 7 a semi- 
ordinate, Q' another point in the curve, and Q^P cut QViaR, 
and Q!Rf the diameter through Q^ meet QVmRfp then 

VR, VR^ = QV*. 

79. PQt PR are any two chords; PQ meets the diameter 
throngh R in the point P, and PR meets the diameter through 
Qm£ ; prove that £F is parallel to the tangent at P. 

80. If parallel chords be intersected by a diameter, the dis- 
tances of the points of intersection from the vertex of the diameter 
are in the ratio of the rectangles contained by the segments of 
the chords. 
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81. If tangento be drawn to * parabola from any point P in 
the lataa rectum, and if Q, ^ be the points of contact, the fleau- 
latufl rectum is a geometric mean between the ordinates of Q and 
Q[, and the distance of P from the axiB is an arithmetic mean 
between the same ordinates. 

82. If A\ B\ C be the middle points of the sides of a tri- 
angle ABC^ and a parabola drawn through A\ B^^ C meet the 
sides again in A'\ B", C", then wiU the lines AA% BB", CC 
be parallel to each other. 

83. A circle passing through the focus cuts the parabola in 
two points. Prove that the angle between the tangents to the 
circle at those points is four times the angle between the tangents 
to the parabola at the same points. 

84. The locus of the points of intersection of normals at the 
extremities of focal chords of a parabola is another parabola. 

85. Haying given the vertex, a tangent, and its point of 
contact, construct the parabola. 

86. P/S[p is a focal chord of a parabola ; shew that the dis- 
tance of the point of intersection of the normals at P and p from 
the directrix varies as the rectangle contained by PS^ pS. 

87. TP, TQ are tangents to a parabola at P and Q, and is 
the centre of the drcLe circumscribing PTQ ; prove that TSQ is 
a right angle. 

88. P is any point of a parabola whose vertex is A, and 
through the focus S the chord QJSQ^ is drawn parallel to AF ; 
FN, QM, Q'M\ being perpendicular to the axis, shew that SM'u 
a mean proportional between AM, AN, and that 

MAf'^AP. 

89. If a circle cut a parabola in four points, two on one side 
of the axis, and two on the other, the sum of the ordinates of the 
first two is equal to the sum of the ordinates of the other two 
points. 

Extend this theorem to the case in which three of the points 
are on one side of the axis and one on the other. 

90. The tongents at P and Q meet in T, and TL is the per- 
pendicular from T on the axis; prove that if PN, QM be the 
ordinates of P and Q, 

PN.QM=ziAS.AL. 
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91. Tne tangents at P and Q, meet in T, and the lines TA^ 
PA, QAf meet the directrix in t, p, and q : prove that 

tp=itq, 

92. From a point T tangents TP, TQ are drawn, to a para* 
bola, and through T straight lines are drawn parallel to the nor- 
mal at P and Q ; prove that one diagonal of the parallelogram 
BO formed passes through the focns* 

93. The chord PQ is normal at P, and the tangents at P 
and Q meet in T; prove that the straight line drawn from S at 
right angles to 8T bisects QT. 

94. Through a given point within a parabola draw a chord 
which shall be divided in a given ratio at that point. 

95. ABO is a portion of a parabola bounded by the axis AB 
and the semi-ordinate BO : find the point P in the semi-ordinate 
such that if PQ be drawn parallel to the axis to meet the parabola 
in Q, the sum of BP and PQ shall be the greatest possible. 

96. The diameter through a point jP of a parabola meets the 
tangent at the vertex in Z ; the normal at P and the focal dis- 
tance of Z will intersect in a point at the same distance from the 
tangent at the vertex as P, 

97. Given a tangent to a parabola and a point on the curve, 
shew that the foot of the ordinate of the point of contact of the 
tangent drawn to the diameter through the given point lies on a 
fixed straight line* 

98. Find a point such that the tangents from it to a parabola 
and the lines from the focus to the points of contact may form a 
parallelogram. 

99. Two equal parabolas have a common focus ; and, from 
any pcdnt in the common tangent, another tangent is drawn to 
each; prove that these tangents are equidistant from the common 
focus. 

100. Two parabolas have a conmion axis and vertex, and 
their concavities turned in opposite directions ; the latus rectum 
of one is eight times that of the other ; prove that the portion of 
a tangent to the former, intercepted between the t 
gent and axis, is bisected by tiie latter. 
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CHAPTER in. 



THE ELLIPSE. 



Def. 4^ elUp$e it ths curve traced out, by a paint 
which motet in euch a manner that ite distance from a 
given point it in a constant ratio qf lett inequality to its 
dittance/rom a given ttraight line. 

Tracing the Curve. 

6h Let iS^ be the fociu,^X the directrix, and /S'X the 
perpendicular on EX from S. 

K 1> 




Diyide SX at the point ^ in the given ratio; the point 
A is the vertex. 

From any point E in EX, draw EAP, ESLy and 
throngh S draw SP making the angle PSL equal to ZSN, 
and meeting EAP in P. 

Throngh P draw LPK perpendicular to the directrix 
and meeting ESL in L, 

Then the angle PSL^LSN^SLP, 
:. SP=PL. 
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Also PL :PK :: SA : AX. 

Hence SP : PK :: iS'^ : AX, • 

and P is therefore a point in the corye. 

Again, in the axis XAN find a point A' such that 
SA' ;AX '.:SA : AX; 

this point is evidently on the same side of the directrix as 
the point A, and is another yertex of the curve. 




Join JE4' meeting PS produced in P', and draw 
B'L'K perpendicular to the directrix and meeting ES 
ini'. 

Then P'Z' : P'T :: SA' : AX 

:: SA \ AX, 
and the angle SL'P'=L'SA=rSJP' ; 
.\P'L'=SP\ 

Hence P' is also a point in the curve, and PSP^ia a 
focal chord. 

By giving JE a series of positions on the directrix we 
shall obtain a series of focal chords, and we can also, as in 
Art. (1), find other points of the curve lying in the lines 
iTP, X'P', or in these lines produced. 

We can thus find any number of points in the curve. 

52. Dbp, The distance AA' is themajw axis. 

4—2 



a 



The EOym. 



The middle poitaCqfAA'ueaUedihe centre qfih$ 
aipee. 

If through C the double ordinate BCB he drawn, 
Bjy ii called the minor €un$. 

Any etraight line drawn through the centre^ and 
terminated by the curve, ie called a diameter. 

The lines AGA\ BOB are called the principal dia- 
metere, or, bri^y, the axee qfthe curve. 

The line ACA' ie aleo eomeHmet called the iraniverse 
axis, and BCB the conjugate axis. 

53. Fbop. I. Jf Pbe any point qf an ellipee, and 
AA the axis mqior, and if PA, A'P, when produced^ 
meet the directrix in E and F, the distance EF subtends 
a right angle at the focus. 

Draw PZiT perpendkmlar to the directrix, meetmg 8F 
in L, and the directrix in K. 




Theft PL : PK :: SA' : A'X 

:: SP : PKi 
:.PL^SP, 

And the angle LSP^PLS^LSX, 

that is, FS bisects the angle ASP. 

But, a PS he produced to P. MS bisects the angle 
ASP', 

:. ESF is a right angle. 
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54. By help of the preceding theorem we shall now 
proTe the existence of another focus and directrix corre- 
sponding to the vertex A. 

In A A' produced take a point X' sach that A'X^ AXf 
and in AA^ take a point iST such that A'S=AS» 

Through JT draw a straight line ^JT/ perpendicular to 
the axis and let EP, FP produced meet this line in 

Then eX : EX :: AX : AX 

:: A'X : A'T 
s FX \fX\ 
:. eX .fX^EX.FX^SX^^BX^. 




Hence e^Sy is a right angle. 

Through P draw KPh parallel to the axis^ meeting 
eS^ and/^ produced in L and U 
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Then PL : Pk :: S^A : AJS^, 

and P/ : PAj :: S'A' : ^'-T; 

.-. PZ=P^ 
Moreover^ LS'l being a right angle^ 
iS"P=P/, 
.\ S'P : Pk :: STA' : A'JC, 
and the curve can be described by means of the focus S' 
and the directrix eX\ 

Hence also it follows that the curve is symmetrical with 
regard to BCB^, and that it lies wholly between the tan- 
gents at A and A\ 

If /Si be equal to AX, the point A', and therefore the 
pomtB S' and X will be at an infinite distance from S and A. 

Hence a parabola ia the limiting form of an ellipse, the 
axis major of which is indefinitely increaaed in magnitade, 
while therdistanoe SA remains finite. 

66, Prop. IL Xf PN he the ordincOe qf any point 
P of an ellipse, ACA* the axis mc^or, and BCB the axis 
minor, 

PN^ : AN.NA :: BC^ : AC^. 

Join PAy A'P, and let these lines produced meet the 
directrix in E and F. 




Then, PN : AN :: EX : AX, 

and PN ; AN. :; FX : AX\ 



The Ellipse. 65 

.-. PN^ : AN.i^Af :: EX.FX : AX.A'X 

V.SX* I AX.A'X. 

since JESFk a right angle (Prop, i.); that is, FN* is to 
AN. NA' in a constant ratia 

Hence^ taking PiV coincident with BCy in which case 

AN^NA'^AC, 

BC^ : ACr^ :: SX* : AX.A'X, 

aad A Pi^^ : AN.NA' :: i?a« : ^(7«. 




This may be also written 

FN* I AC^-^CN^v. BC* : A(P. 

Co&. If FMl)^ the perpendicular from F on the axis 
minor, 

CM=^PN, PM^GN, 
CM* : ^e)«_pjif« .. s(P : AC\ 
AC* : AC*-FM* :: BC* : CJP, 
•. ^(7» ; PJP :: BC^ : BC^-CM\ 
FM^ iBM.MR '.lAC* iBC*. 



and 



and 
or 



56. Conversely, if a point P moye in such a manner that 
FN* is to AN,NA* in a constant ratio, PN being the distance 
of P from the line joining two fixed points A, A', and N being 
between A and A% the locus of P will be an ellipse of which JJf 
is the 1 
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Tor, taking (7 m the middle point of AA\ draw BO at right 
angles to AA\ and ench that BC^ ia to iiC* in the given ooh" 
stant ratio ; then, if anj point N be taken in AA', the corre- 
sponding point of the locus evidently coincides with a p<unt of 
the ellipse of which AO and £C are the semi-axes. 

It wUl be diewn in the Appendix that the definition of an 
ellipse is a property directly dedudble from the relation 

PN* : AI^. NA' :; BC^ : AC^. 



57. Pbop. III. If ACA' U ths axii mqfw, C tke 
cmUre, S one qfthe/oci, and X the foot qfthe directrix^ 

CS I CA :: CA;CX::SAi AX, 

and CS : CX :: CS* : CA\ 



~J~I 



A' 



For S'A I SA ;: AX' ; AX 

:: A'X : AX; 
.\ SS" tSA :: AA' i AX, 
or CS ; CA :: SA : AX. 

Again, SA' : SA :: AX' : AX; 

.-. AA' : SA :: XX' : AX, 
or CA : CX :: SA : ^JT; 

v. (7^ : CA :: 04 : CX. 
or CS.CX^CAK 

Alao CSiCX :: CiS^' : C^.GT 

:: CaS^ : C4«, 
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6a Peop. IV. If Shea focuiy and B an extremity 
efthe axis minor, 

SB^ACm^ BC*^AS.SA\ 

For, joining SB in the figrure of Art 65, 

SB ; OX :: SA ; AX 

:: CA : CX, 

by {he preyions Article, 

/. SB^CA. 

AlBO BCP^^SB^-SC^^AC^-SC^ 

»AS.SA\ 

69. Prop. Y. 7^ eemikUut reaum SB ie a tJdrd 
proportional to AC and BC. 

For, Prop. II., 

SR^ : AS.SA' :: i?C« : ^(7«; 

•. SB^ I BC* :; BC^ : AC^, 

or ^i? : BO :: i?(7 : AO. 

Con. Since ^i? : SX :: ^9^ : ^X 

:: SO : ^(7, 

it followB that SX. SO==SB .AO^BO*; 

and hence also that 

SX : OX :: i?a« : AO^. 

60. Peop. VI. 7%« mm of the focal distaneei qfany 
point is equal to the axis ma^or. 

Let FN be the ordmate of a point P (Fig. Art. 64)| 
then 

S'P : SP :: iVX' : NX; 

.-. S'P+SP I SP :: XT : AX, 

or /S^P+iSP : XT :: SP : AX 

:: aS^ : AX 

:: ^^' : XX; 

.-. SP-i-SP^AA'. 
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OoB. Since 8P ; NX :: SA i AX 

:: AC : CX; 

/. AC : SP :: CX : iVX, 

AC-SP : ^P :: C^ : NX, 

and ^C-zSP : CiV^ :: SA : ^X 

Also, AC-SP^SP-AG; 

:. £rP-AC : CN ::JSA : AX. 



Mechanical Construction qf the BQipse. 

61. Fasten the ends of a piece of thread to two pins 
fixed on a board, and trace a curve on the board witii a 
pencil pressed against the thread so as to keep it stretched ; 
the curve traced out will be an ellipse, having its foci at the 
points where the pins are fixed, and having its major axis 
equal to the length of the thread. 

62. Prop. VIL The sum of, the distances qf a point 
from the foci cf an ellipse is greaier or less than the 
major axis according as the point is outside or inside the 
ellipse. 

If the point be without the ellipse join SQ, 8'Q^ and 
take a point P on the intercepted arc of the curve. 




Then P is within the triangle SQS^ and therefore^ 

JSQ+S'Q>SP-hSP, Euclid L 21, 
i.e. 8Q^8'Q:>AA\ . 
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If Q be within the ellipse, let SQ, JSTQ produced meet 
the cnrye and take a point P on the intercepted arc. 

Then Q is within the triangle SPS'y and 

/• SP-¥£rP>SQ-^S'Q, 

i.e. SQ-^SfQ<AA\ 

63. De7. The circle described on the axis tnajor as 
diameter is called the quxUiary circle. 

Prop. VIII. If the ordinate NP cf an ellipse be pro^ 
duced to meet the auxiliary circle in Q, 

PN iQNi: BO : AC. 

For, Art 65, 

PN^ : AN.NA' :: £C^ : A(P, 

and, by a projJerty of the circle, 

QN*=AN.NA'; 





5---:;:^^ 
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:. PN : qN :: BC : AC. 

Cob. Similarly, if PM the perpendicular on BB^ meet 
in Q! the circle described on BB^ as diameter 

PM ; CJf :: AC : BO. 

For PM^ : BM.MB^ :: AO^ : ^(7«, 

and BM.MB^^JP. . w 
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PrcperUes </ the Tangent mid Normal 

64. Pbop. IX Ths normal at any point bUecti ths 
angle between ths focal dietancee qf that pointy and the 
tangent ie equally inclined to thejbeal dietancee. 

Let the normal at P meet the axis in G; then, Art 15, 
SG : SP :: SA : AX, 
and STG :£rP :: SA : AX. 




Hence 8G : 8'G :: SP ; SP, 

and therefore the angle SPS is bisected by PG, 

Also FPF' being the tangent^ and GPF, GPF' being 
right angles, it Mows that the angles SPF, SPF' are 
equal, or that the tangent is equally inclined to the focal 
distances. 

Hence if ^P be produced to Z, the tangent bisects the 
angle SPL. 

Con. If a circle be described about the triangle SP^, 
its centre will lie in BCBf, which bisects SS at right 
angles; and since the angles SPG, S'PG are equal, and 
equal angles stand upon equal arcs, the point g^ in which 
PG produced meets the minor axis, is a point in the 
circle. 
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Ako, if the tangent meet the minor axis in t, the point i 
is on the same circle, since gPt is a right angle. 

Hence, Any point P qf an ellipie^ t/ie two foci, and 
the point* of intersection qf the tangent and normal at P 
tDtth the minor axis lie on the same circle. 

65. Pbop. X Every diameter is bisected at the 
centre and the tangents at the ends qf a diameter are 
parcUlek 

Xiet PCp be a diameter^ PN, pn the ordinates Of 




Then CN^ : Cn^ :: PN^ : pn* 

:: AC^-CN* : AC^-Cn^ Art. 65; 

/. CN* : AC* :: Cn* x AG\ 

Hence CN=Cn and /. CP^Cp. 

Draw the focal distances; then, since Pp and BSF 
bisect each other in C, the figure SPS^p is a parallelogram^ 
and the angle 

SPS^^SpS!. 

But the tangents PTy'^l are equally inclined to the 
focal distances; 

/. the angle SPT^S'pt, 

and, lidding the equal angles CPS, CpS^^ 

CPT^Cpt; 

:. PTmdpt are parallel 
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OoB. Since Sp and S'p are equally inclined to tbe 
tangent at p, it follows that SP and Sp make equal angieB 
with the tangents at P and p, 

66. Pbop. XL Ths perpendiculari from the foci on 
any tangent meet the tangent on the auxiliary eirele, and 
the eenU-minor aa^e if a mean proportional between their 
lengths. * ' ' 

Let SY, /S^ F" be the perpendiculars; join S^P^ and let 
jSY, S'P produced meet in L, 




The angles SPY, YPL being equal, and PF being 
common, the triangles are equal in all respects; 

/• PL=SP, SY^ YL, 

and S'L^S'P^PL=£rP-^SP=AA\ 

Join CYy then C7behig the middle point of SS', and Yof 
SL, CYiB parallel to S'L, 

and .-. S'L=2CY. 

Hence OY^AC^ and Fis a point on the auxiliary cirdo. 

Similarly by producing /SP, ^ Y' it may be shewn that 
Y' is also on the auxiliary circle. 
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Iiet F/S' produced meet the cirde in Z, and join T'Z; 
t.ben y FZ being a right angle, T'Z is a diameter and 
through C, 




Hence the triangles SCZ, S'CY' are equal, and 
SY.^Y''^SY.SZ^AS.SA'^BC^. 

CoE. (1). If P' be the other extremity of the diameter 
through P, the tangent at P' is parallel to P F, and there- 
fore Zis the foot of the perpendicular from ^on the tangent 
atP'. 

Cob. (2). If the diameter DCiy^ drawn parallel to the 
tangent at P, meet SP, 8'P in E and E, PECT is a 
paraflelogram, for CY' is parallel to SP, and C^ to P Y'; 

:.PE=CT=AC\ afld similarly PE'^CYr^AG. 

Cob. (3). Any diameter parallel to the focal distance of 
a point meets the tangent at the point on the auxiliary 
circle. 

67. Pbop. XII. To draw tangents from a given 
point to an ellipse. 

For this purpose we may employ the general constrac- 
tion of Art. (14), or the following. 
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Let Q be the given point ; npon SQ as dmmeUif <^e- 
flcribe a circle catting the auxiliary circle in Yukii Y\ 
YQ and Y'Q will be the required tangents. 

Producing iS'F to Z so that YL^SY, join ^L cattin. 
the line YQ in P. 




The triangles SPYy LPY are equal in all respects, 
since /SF- YL and JPY is common and perpendicular 
tOiS'Z; 

/. SP^PL and STL^STP-h PL^S'P + SPi 

but, joining C7F, /S^Z= 2(7 F= 2^(7; 

.\SP^I^P=^2AC, 

and P is therefore a point on the ellipse. 

Also the angle SPY= YPL, 

and .'. QP is the tangent at P. 

A similar construction will give the point of contact of 
the other tangent QP\ 

BefeniDg to Art. 31, it will be seen that the constraotion is 
the same as that given for the parabola^ the ultimate fbrm of tho 
circle being, for the parabola^ the tangent at the rertez. . 
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68. Pbop. XIII. ff two tangents he draum to an 
ellipse from an external point, tliey are equally inclined 
to the focal distances of that point. 

Let QF, QP' be the tangents, SY, ^Y\ SZ, S^Z' the 

\0 




perpendiculars from the foci on the tangents; join FZ, 
Y'Z\ 

Then, Art 66, SY. S'Y'^SZ. S'Z'\ 

.-. 8Y \ SZ :: ^Z' : S'Y\ 

A circle can be drawn through the points SYQZ^ since 
SYQy SZQ are right angles; and YSZ and YQZ are 
equal to two right angles, as are also F'^Z' and Y'QZ' ; 
therefore the angle YSZ= Y'S'Z\ and the triangles YSZ, 
yS'Z' are similar. 

Hence the angle SZY=S' Y'Z\ 

But iSZY=SQYiD. the same segment, and similarly 

iS"F'Z=^ieZ'; 

therefore the angle SQP^S'Qr. 

69. Def. Ellipsci which have the same fod are called cou' 
focal eUiptet, 

If Q be a point in a confocal ellipse the normal at Q bisects 
the angle 8QJS' and therefore bisects the angle PQF*. 

Hence, If from any point of an ellipse tangents are draron 
to a oonfocal ellipse, tiiese tangents are equally inclined to the 
normal al the point. 

By reference to the remark of Art. 40, it will be seen 
that this theorem includes that of Art. 40 as a particular 
case. 

B. 0. s. ^ 
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70. Peop. XIV. J[f PT the tangent at P meet the 
axU mqfor in T, and PNhe the ordinate^ 

CN.CT=AC*. 




Draw the focal distaiices SP, S^P, and the perpendicular 
SY on the tangent, and join NY, CY. 

Then, as in Art. 66, CY is parallel to S'P; therefore 
the angle 

CYP=S'Pt=SPY 

^SNY, 
since a circle can be drawn through the four pobts S YPN. 

Hence CYT=CNY, 

and the triangles CYTy CNYace equiangular. 

Therefore CN : CY :: CY : CT 

or CN.CT^CY^=AC^. 

Cor. (1). CN.NT^CN.CT-CN^^AC^-CI^ 

=AN.NA\ 

Gob. (2). Hence it follows that tangents at the extre- 
mitiee qf a common ordinate qf an ellipse and its aux- 
iliary circle meet the axis in the same point. 

For, if NP produced meet the auxiliary circle in Q, 
and the tangent at Q meet the axis in T, 

CN.CT=C^--AC*, 

therefore T coincides with T, 
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' And more generally it is evident that^ If any number 
qf ellipses be described having t?ie same major axis^ and 
an ordinate be drawn cutting the ellipseSy the tangents at 
the points qf section will all meet the common axis in the 
same point 

71. Pbop. XV. If the tangent at P meet the axis 
minor in t, and PN be the ordinate, 

a.PN=BC^. 

For, Ct : PN :: CT : NT, Fig. Art. 70, 

/. Ct.PN: PN* :: CT. CN : CN. NT 

:: AG^ : AN.NA', Cor, 1, Art 70, 

:: BC^ : PN\ 

.\Ct.PN=BC*. 

72. Prop. XVI. If the normal at P meet the axes 
in G and g, and the diameter parallel to the tangent at P 
inP, ^ 

PF. PG=B(P, and PF. Pg=AC\ 

Let PN, PM, perpendiculars on the axes, meet the 
diameter in JTand L, and let the tangent at P meet the 
axesinTand^ 




Tbeiiy since a circle can be dra?m through QFKN^ 
PF.PG=PN.PK=PN.Ct=^B<P: 

5—2 
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Similarly, ainoe a circle can be drawn through LMF'g^ 

PF.Pg^PM.PL^CN.CT^AC^. 
Cob. Since PGN, PgM are similar triangles, 
NG : PM :: PQ : Pg 

PF, PG : PF, Pg 
BC^ : AC', 
or NG : CN :: BC^ : ACK 

Hence also 

CG : CN :: AC^-BC^ : ^IC* 
:; aS^C : AC*. 

73. Prop. XVII. jy PCp he a -diameter, and Q VQ' 
a chord parallel to the tangent at P and meeting Pp in K, 
and if the tangent at Q meet pP produced in T, 

CF.CT=CP'. 




Iiot TQ meet the tangents at P andp in R and r, and 
S being a focus, join SP, SQ, Sp. 
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Xiot fall perpendiculars RN^ RM^ m, rm upon these 
focal distances ; 

then, since the angle SPR=Spr, Cor. Art (65), 

RP : rp :: RN : m 

:: RM : rn^ Art. ld» 

::/?« :rQ; 

but 772 : Tr :: iZP : rp. 

.'. TR : Tr :: RQ : rQ. 




Hence TP : 2> ;: PF : Fp, 

or Cr-CrP : CT4-CP :: CP-CF : CP-^CF; 

.-. Cr : CP :: OP : CF, 
or CT.Cr=CP^. 

€!o&. I. Hence, since CF and CP are the same for the 
point Q^y the tangent at Q^ passes through T. 

Cob. 2. Since TJp : TP :: pF ; VP, it follows that 
jTP Vp is harmonically divided. 

It will he seen in Chapter X, that this is a partficnlar 
case of a general theorem. 
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Propertiei qfCor{fugate Dtameters, 

74. Peop.XVIII. a diameter Insects all chords par- 
olid to the tangents at its extremities. 

We have shewn (Art. 16), that, if QQ' be a chord of a 
conic TQ, TQ^ the tangents at Q, Q", and i^P^' a tangent 
parallel to Q^, the length EB' is bisected at P. 

Draw the diameter P(^ ; the tangent epe^ at ;t7 is ptu^ 
allel to EPy Art. (65), and is therefore paiuUel to QQ". 




Hence ep=pefj and P, p being the middle points of the 
parallels eef, EB the line Pp passes through T, and more- 
over bisects QQ'. 

Similarly, if any other chord qcf be drawn parallel to 
QQ^ the tangents at q and ^ will meet inpP produced, 
and q^ will be bisected bypP. 

Cob. Hence, if CC, qc( be two chords parallel to tlie 
tangent at P, the chords Qq, C^ will meet in CP or CP 
produced. 

75. Dbf. The diameter DCd, drawn parallel to the 
tangent atP^is said to be conjugate to PCp. 

A diameter therefore bisects all chords parallel to its 
coigngate. 

Peop. XIX. If the diameter DCd he comjugate to PCp, 
then will PCp he cor^'ugate to DCd. 

Let the chord QVq he parallel to DCd, and therefore 
bisected by PC, and draw the diameter qCB, 
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Join QR meeting CD in U; 
then EC= Cq, and Q F= Vq \ 

.'. QR is paraUel to OP. 




Also qU\UR :: (^(7 : CK, 

and therefore Q £7^^ ^22. 

That is, CD bisects the chords parallel to PCp ; 
therefore PCp is coiyugate to BCd. 

Db*'. Chord* drawn from the extremities qf a diot- 
meter io any point qf the ellipse are called supplemental 
chords. 

Thus qQy RQ are supplemental chords, and hence it 
appears that supplemental chords are parallel to conjugate 
diameters. 

Dbf. a line Q V drawn from a point Qofan ellipse^ 
paraUd to the tangent at P and terminated by the diame- 
ter PCpf is called an ordinate of that diameter, and Q Vq 
is the double ordinate if QV produced meet the curve 
inq, 

76. Any diameter is a mean proportional between the 
transverse aans and the focal chord parallel to the dia- 
meter. 

From Art 66 it follows that if CQT parallel to P^ 
meet in T the tahgent at P, 

CT^-Aa 
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Draw Prparallcl to the tangent at Q\ then 
CV.GT^Cij^, Art 73; 




77. Peop. XX ^ PCp, DCd be conjugate diame- 
ten, and QVan ordinate qf Pp, 

QFS : PV, Vp :: CD^ : CP*. 

Let the tangent at Q, ^f^. Art 75, meet CP, GI> pro- 
duced in T and ^, and draw Q U parallel to CP and meeting 
CD in U. 

Then CP^=CV,CT, 

and CL^^CU.a^QV.Ctx 

,'. CB* : CP* :; QF. a : CV . CT 
:: Cr^ : CF. Fi; 
and CF, VT=CV. CT^CV^^CP^^CV* 
=PF. F;?, 
/. CD' : CPa :: QF^ : PV . Vp. 

78. Peop. XXI. JfAGA\ BCB he a pair cf conittr 
gate diameters, PCP, DCU another pair, and \fPN, 
DM be ordinates of ACA\ 

CN^-=AM . MA\ CM^^AN. NA , 
CM : PN :: AC : BC^ 
and DM : CN :; BC : AC. 
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Let the tangents at P and D meet AG A' in 2* and t 




Then CN. CT=A(P=CM. Ct; 

hence CM : CN :: OT ; Ct 

:: Pr: (72) 
:: PN : DJf 
:: C2\r : Mt, 
.\ CN^^CM . Mt=AC^-CM^=AM . MA\ 
and similarly, CAP-' AN . NA\ 

Also DM* : -43f . 3f^' :: BC^ : ^(7^, 
/. 2>if : CN :: ^(7 : AC, 
and aimilarly (73f : PN :: ^(7 : ^a 

Gob. We have shewn in the course of the proof that 

CN^-hCM^=AC* 
By similar reasoning it appears that if Pn, Dm, be or- 
dinates of BCB, 

Cn^-^Cm^^BC^; 
/. PN^+DM^=BC'. 
It should be noticed that these relations are shewn to 
be true when ACA\ BCB are any coigugate diameters, 
including of course the principal axes. 

79. Pnop. XXII. J^ CP, CD he c(ynjugaU semi-dia- 
meter*, and A C, BC the principal semi-diafneter*, 
CP^+CD*=AC^+BC*. 
From the preceding article, 

CN^-hCM*=^AC^, 
and PN^-hDM*=BC*; 

also ACB being in this case a right angle, 

PiV«+(7iV«=(7P«, 
and DM*+CM'=CD^ 

.-. CP^'^CD'=AC^+BC\ 
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80. Peop. XXIIL If the normal at P meet the 
principal axee in G andg, 

PG : CD :; BC : AC, 
and Pg : CD :: AC : BG, 

For, the triangles DCM, PGN being simflar, 
PG : CD :: PN : CM 
:: BC : ^C. 




So also Pgn and DC3f are similar, and 
Pg : CD :: Pn : 2>3f 
:: AC : ^C. 



81. Pbop. XXIV. The parallelogram formed by the 
tangents at the ends qf conjugate diameters is equal to 
the rectangle contained by the principal axes. 

For, taking the preceding figure, 

PG • BC '^CD \ AC, 
but PG '. BC :: BC : PF, Art 72, 

.-. CD : AC :: BC : PF, 
and CD.PF^AC.BC, 

whence the theorem stated. 

82. Prop. XXV. If SP, S'P be the focal distances 
ofP, and CD be cor^jugate to CP, 

SP.S'P::^CD\ 
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Let CD meet SP, S'P in ^and E' (fig. Art. 66), and 
the normal at P in F; then SPY, PEF, and SPY' are 
similar triangles ; 

/. SP : SY :: PE : P/; 
and aS"-P : SY' :: PJT : PF; 

.-. ^P . /S"P : SY. SY :: PJT' ; PP» 
:: ^C7« : PF^ 
:: (72>» : jBC'^, Art. 81 ; 




.\SP.S'P=CD\ 

83. Prop. XXVI. If the tangent at P meet a pair 
qf conjugate diameters in T and t, and CD be conjugate 

to CPy 

PT.Pt^GD', 
From the figure 

PT : PN :: CD : DM\ 
B 




and, if TP produced meet CB in #, 

Pt : CN :: CD : CJf ; 
..PT.Pt iPN.CNi: CD" .DM. CM, 
But PiV . CN^ DM . Cif, Art 78, 

.\PT.Pt=CD^. 
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Cob. Let TQU be the tangent at the other end of tie 
chord PNQ, meeting CR produced in T; and let (7^ be the 
gemi-diameter parallel to TQ. 

Then TP:TQ::Pt: QU, 

.-. Tf^ : TQ» :: PT.Pt: QT. QU 
:: CD* : CB\ 
that IB, the tiffo tangents drawn from any point are in the raUo 0/ 
the parallel diamelert. 

In a similar manner it can be shewn that, if the tangent 
at P meet the tangents at the ends of a diameter AC A' in T 
inr, 

PT.Pr^CD*, 

CD being conjugate to CPf 

and AT.A'r^CB\ 

CB being conjugate to ACA\ 
Theao properties can be demonstrated by the help of Art. 78, and 
oi the corollary to Art. 83. 

84. Equi^onjugaie diameters, 

Pkop. XXVIL The diagonaU qfihe rectangle formed 
by the principal axes are equal and conjugate diameters. 

For, joining ABy A'B, these lines are parallel to the 
diagonals CF^ CE; and, AB, A'B being supplemental 




chords, it follows that C72>, CP are conjugate to each other. 
Moreover, they are equally inclined to the axes, and are 
therefore of equal length. 

Cob. 1. If Q F, Q 27 be drawn parallel to the equi-con- 
jugate diameters, meeting them in Fand U^ 
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Qjn . CP^^CV^ :: Ciy : OP"; 

if ^ be the other end of the diameter PCP. 
Hence QV^+QIP=CP^. 

CoE,2. CP2+C2)2=^(7*+^(72,(Art79); 

86. Pkop. XXVIII. Pair* of tangents <U right angles 
to each other intersect on a fixed circle. 

The two tangents bemg TP, TP", let S'P produced 
meet /S'F the perpendicular on TP in K. 




Then the angle PTK=STP^S'TF \ 

/. S^TKiA a right angle. 
Hence AA(P=iSr£y=ST^+TK* 

= 2(77^ + 2(7/S^, Euclid, n. 12 and 13 ; 

and r lies on a fixed circle, centre C. 

This circle is called the Director Circle of the Ellipse, 
and it will be seen that when the ellipse, by the elongation 
of iS'Cfrom S is transformed into a parabola, the director 
drcle merges into the directrix of the parabola. 
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86. Pbop. XXIX T/ie rectanglet contained by ths 
segments qfanp ttoo chords tohich intersect each other are 
in the ratio qfthe sqitares qf the parallel diameters, 

ThroQfi^h any point O in a chord OQQ^ draw the diame- 
ter OUR, and let CD be parallel to QQ", and CP con- 
jugate to CD, bisecting QQ" in F. 

Draw R U parallel to CD, 

Thetf CL^-RIP : CIP :: CD' : CP', Art. 77, 

:: CD'-QV* : CF^. 

But RIP : CIP :: OV* : CV; 

'.'. CD* :CIP :; CD'+OF'-QV^ : CV* 




or C2>2 : C2>2+Or2-eF2 :: CIP : CF* 

:: CR' : CO*; 
.-. C2>« ; OJ^-QV :: C7i2« : CC^CR^, 
or 67)2 : OQ.Oe :: CR^ : OR. OR. 

Similarly if Oq^ be any other chord through 0, and Gi 
the parallel semi-diameter, 

Cd' : Oq.Oq" :: Cft« : OR, OR; 

.-. OQ.Oe : 0<?.0^ :: CD' : C(^. 

This may otherwise be expressed thus, 
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The rcUio qf the rectangles cf i/ie segments depends 
only on the directions in which they are drawn. 

The proof is the same if the point be within the 
ellipse. 

87. Prop. XXX. If a circle intersect an ellipse in 
/bur points the several pairs qf the chords qf intersection 
are equally inclined to the axes. 

For if QQ^, qq'heB. pair of the chords of intehiection, 
and if these meet in 0, or be produced to meet in O, the 
rectangles OQ . OQ', Oq, Oq" are proportional to the squares 
on the parallel diameters. 

But these rectangles are equal since QQ^, qq" are chords 
of a circle. 

Therefore the parallel diameters are equal, and, since 
equal diameters are equally inclined to the axes, it follows 
thsX the chords QQ', qq^ are equally inclined to the axes. 

88. Conversely, if two chords, not parallel, be equally 
inclined to the axes a circle can be drawn through their 
extremities. 

For, as in Art. 87, if OQQ", Oqq[ be two chords, and 
C72>, Cd the parallel semi-diameters, 

Oq.OO; : Oq.Oq' :: CD' : CkP; 

but, if CD and Cd be equally inclined to the axes, they are 
equal, and 

.\0Q.0(r=0q.0q', 

and a circle can be drawn through the points Q, ^, q, 
and/. 
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1. Ir the tangent at B meet the latos rectum prodaoed m 
D, CDX U a right angle. 

2. If PCp be a diameter, and the focal distance pS produced 
meet the tangent at P in T, SP=ST. 

3. If the normal at P meet the axis minor ia Q' and O'l^he 
the perpendicuLir from (?' on SP, then PN=AC. 

4. TQ, TQ' are two tangentg at right angles, and OT meets 
QQfin V; prove that VT=QV, and, bj help of this equality, 
shew that the locus of T is a circle. 

5. The tangent at P bisects any straight line perpendicular 
to A A' and terminated by AP, A'P, produced if necessary. 

6. Draw a tangent to an ellipse parallel to a given line. 

7. SR being the semi-latus rectum, if RA meet the directrix 
in Ef and SE meet the tangent at ^ in T, 

AT=AS. 

8. Prove that 5r:SP:: 522: pa. 
Rnd where the angle SPS' is greatest. 

9. If two points E and E' be taken in the normal I^O such 
that PE=PE' = CD, the lod of ^ and -&' are circles. 

Shew that the sum of two conjugate diameters is greater than 
the sum of the axes, and that their difference is less than the 
difference of the axes. 

10. If from the focus S^ a line be drawn parallel to SP, it 
wDl meet the perpendicular iS^F in the circumference of a circle. 

11. If the normal at P meet the axis major in G, prove that 
PO is an harmonic mean between the perpendiculars from the 
fod on the tangent at P. 
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13. If tangents TP, TQ be drawn at the eztremitiea P, Q of 
any focal chord of an ellipse^ prove that the angle PTQ is half 
the snt>plement of the angle which PQ subtends at the other 
focus. 

13. If F, Z be the feet of the perpendiculars from the foci 
on the tangent at P ; prove that the circle circumscribed about 
the triangle YNZ will pass through (7. 

14. It AQ be drawn from one of the vertices perpendicular 
to the tangent at any point P, prove that the locus of the point 
of intersection of PS and QA produced will be a circle. 

15. If the normal at P meet the axis major in G and the 
axis minor in JT, prove that a circle can be drawn through the 
foci and through the points P, K, and that OK ilBK ::SA : AX, 
shew also that, if the tangent at P meet the axis minor in t, 

St : tK\: BO : (7D, 

CD being conjugate to CP. 

16. The straight lines joining each focus to the foot of the 
perpendicular from the other focus on the tangent at any point 
meet on the normal at the point and bisect it. 

17* If two circles touch each other internally, the locos of 
the centres of circles touching both is an ellipse whose foci are 
the centres of the given circles. 

18. The subnormal at any point P is a third proportional to 
the intercept of the tangent at P on the major axis and half the 
minor axis. 

19. If the normal at a point P meet the axis in <?, and the 
tangent at P meet the axis in T, prove that 

TQ : TP :: BO I PO, 

Q bong the point where the ordinate at P meets the auxiliary 
circle. 

20. If the tangent at any point P meet the tangent at 
the extremities of the axis il^' in ^ and F', prove that the 
rectangle AF^ A' F is equal to the square on the semiaxis 
minor. 

21. TP, TQ are tangents; prove that a circle can be 
described with T as centre so as to touch SP, HP, SQ, and HQ, 
or these lines produced, S and S being the focL 

B.C.S. 6 
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22. If two equal and nmOar eUipsei Jiare the same centre, 
their p<Miit« of interseetion are at the extremitiea of diametere at 
right angles to one another. 

23. The external angle hetween any two tangents to an 
ellipse ie eqoal to the eemi-eum of the angles which the chor: 
joining the points of contact subtends at the foci. 

24. The tangent at any point P meets the axes in T and t ; 
if 5 be a focus the angles PSt, STP are equal. 

25. P is a point in an ellipse, PM, PN perpendicular to the 
axes meet respectively when produced the ciroles described o& 
these axes as diameters in the points Q, Q, > ^^'^ ^*^ ^^i P^'^'Bsei 
through the eeatre. 

26. If iSfy is a perpendicular from the focus S on the tangeo. 
at P and CD a diameter conjugate to CP, 

SY.CD^SP.BC. 

27. A conic is drawn touching an ellipse at the e^remities 
A, B of the axes, and passing through the centre C of the ellipse ; 
prove that the tangent at C is parallel Ui AB, 

28. The tangent at any point P is cut by any two conjugate 
diameters in T, (, and the points T, <, are joined with the fo<d S, 
H respectively ; prove that the triangles SPT^ HPt are umilai- 
to each other. 

29. If the diameter conjugate to CP meet SP, and HP (or 
these produced) in E and E*, prove that SE is equal to BE^^ and 
that the eiroles which circumscribe the triangles SiCEt HOE', are 
equal to one another. 

80. PO is a normal, terminating in the major axis ; the 
cirole, of which PG is a diameter, cuts 8P, HP, in JfT, L, 
respectively : prove that KL is bisected by PG, and is perpen- 
dicular to it 

81. P being a point on the curve, the locus of the centre of 
the circle inscribed in the triangle SPH is an ellipse. 

82. Tangents are drawn from any point in a drcle through 
the foci, prove that the lines bisecting the angle between the 
tangents all pass through a fixed point. 
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33. If a quadrilateral circumscribe an eUipse, the angles 
subtended by opposite sides at one of the foci are together equal 
to two right angles. 

34. If the normal at P meet the axis minor in 0, and if the 
tangent at P meet the tangent at the vertex A in F, shew that 
JSGiSCiiPViVA. 

35. P, Q are points in two confocal ellipses, at which the 
line joining the common foci subtends equal angles ; prove that 
the tangents %tP,Qaxe inclined at an angle which is equal to 
the angle subtended by PQ at either focus. 

36. The transverse axis is the greatest and the conjugate 
axis the least of all the diameters. 

37. If the tangent and ordinate at P meet the transverse 
axis in T and N, prove that any circle passing through N and T 
will cut the auxiliary circle orthogonally. 

88. If ST, S'T'he the perpendiculars from the foci on the 
tangent at a point P, and PN the ordinate, prove that 

PYiPTiiNYiNT. 

39. If a circle, passing through Y and Z, touch the major 
axis in Q) s^<^ that diameter of the circle, which passes through 
Q, meet the tangent in P, then PQ = BC, 

40. From the centre of two concentric circles a straight line 
is drawn to cut them in P and Q ; from P and Q straight lines are 
drawn parallel to two given lines at right angles. Shew that the 
locus of their point of intersection is an ellipse. 

41. From any two pojuits P, Q on an ellipse four Knes are 
drawn to the foci S, i^ : prove that SP . SQ and SQ . I^P are to 
one another as the squares of the perpendiculars from a focus on 
the tangents at P and Q. 

42. Two conjugate diameters are cut by the tangent at any 
point P in M,N; prove that the area of the triangle CPM varies 
inversely as that of the triangle CPN. 

43. If P be any point on the curve, and ^ F be drawn 
parallel to PC to meet the conjugate CJD in F, prove that the 
areas of the triangles CA F, CPN are equal, PN being th9 
ordinate. 

6—2 
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44. Two tangenta to an ellipse iotenect at right ao^^lea; 
prove that the aam of the iquarea on the chorda intercepted on 
them by the auxiliary circle ia oonatant. 

45* ProTe that the distance between the two points on the 
GircunfereDce, at which a given chord, not paaaing through the 
centre, lubtenda the greatest and least angles, is equal to the 
diameter which bisects that chord. 

46. The tangent at P intersects a fixed tangent in T ; if iS^ is 
the focus and a line be drawn through S perpendicular to ST, 
meeting the tangent at P in Q, shew that the locus of Q is a 
strught line touching the ellipse. 

47. Shew that, if the distance between the foci be greater 
than the length of the axis minor, there will be four positions of 
the tangent, for which the area of the triangle, included between 
it and the straight lines drawn from the centre of the curve to 
the feet of the perpendiculars from the foci on the tangent, -will 
be the greatest possible. 

48. Two ellipses whose axes are equaJ, each to each, are 
placed in the same plane with their centres coincident, and axes 
inclined to each oth^. Draw their common tangents. 

49. An ellipse is inscribed in a triangle, having one focus at 
the orthocentre; prove that the centre of the ellipse is the centre 
of the nine-point circle of the triangle and that its transverse axis 
is equal to tiie radius of that circle. 

60. The tangent at any point P of a circle meets the tan- 
gent at a fixed point A in T, and T is joined with B the extre- 
mity of the diameter passing through A ; the locus of the point 
of intersection oi AP, BT is tai ellipse. 

61. If PG, the normal at P, cut the major axis in O, and if 
DR, PN be the ordinates of J) and P, CD being coujagate to 
CP, prove that the triangles PGN, DRG are similar; and thence 
deduce that PG bears a constant ratio to CD. 

62. The ordinate NP at a point P meets, when produced, 
the circle on the major axis in Q. If 5 be a focus of the ellipse, 
prove that 8Q : 8P :: the axis major : the chord of the circle 
through Q and 8, and that the diameter of the ellipse parallel to 
8P is equal to the same chord. 
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53. If tbe perpeDdiculftT from the eentre C on the tangent 
at P meet the focal distance 8P produced in Rf the loeus of i2 u 
a circle, the diameter of which is equal to the axis major. 

54. A perf ectly elastic billiard ball lies on an elliptical bil- 
liard table, and is projected in anj direction along the table: 
shew that all the lines in which it moves after each successive 
impact touch an ellipse or an hyperbola confocal with the billiard 
table. 

55. Shew that a circle can be drawn through the foci and 
the intersections of any tangent with the tangents at the vertices. 

56. If CP, CD be conjugate semi-diameters, and a rectangle 
be described so as to have PD for a diagonal and its sides paral- 
lel to the axes, the other angular points will be situated on two 
fixed straight lines passing through the centre O, 

57. If the tangent at P meet the minor axis in T, prove 
that the areas of the triangles SPS^ STSf are in the ratio of 
the squares on CD and ST, 

58. Find the locus of the centre of the circle touching the 
transverse axis, 8P, and SP produced. 

59. In an ellipse 8(^ and S'Q, drawn perpendicularly to a 
pair of conjugate diameters, intersect in Q; prove that the locus 
of Q is a concentric ellipse. 

60. The distance of any point on the auziliaiy circle from 
the directrix is proportional to the distance of the focus from the 
tangent at that point. 

61. If CQ be conjugate to the normal at P, then is CP 
oonjttgate to the normal at Q. 

62. PQ is one side of a parallelogram described about an 
ellipse, having its sides parallel to conjugate diameters, and the 
lines joining P, Q to the fod intersect in i>, ^ ; prove that the 
points Df E and the foci lie on a circle. 

63. If the centre, a tangent, and the transverse axis be 
given, prove that the directrices pass each through a fixed point. 

64. The straight line joining the feet of perpendiculars from 
the focus on two tangents is at right angles to the line joining 
the intersection of the tangents with the other focus. 

65. A circle passes through a focus, has its centre on the 
major axis of the ellipse, and touches the ellipse : shew that the 
straight line from the focus to the point of contact is equal to the 
latus rectum. 
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66. Prove tliftt the perimeter of the qaadrilstenl formed by 
the tangent, the perpendioiilan from the foot, and the transyene 
axis, will be the greatest posaUe when the focal dUtanceB of the 
point of contact are at right angles to each other. 

67. Given a fooas, the length of the transverse axis, and 
that the second focos lies on a straight line, prove that the 
ellipse will touch two fixed parabolas having the given focos 
for focus. 

68. From any point on one of the equl-oonjugate diameten 
two tangents are drawn; prove that the circle passing through 
the point and the two points of contact will also pass through the 
centre. 

69. If Py be the ordinate of JP, and if with centre C and 
radius equal to PN a circle be described intersecting PN in Q, 
prove that the locus of <2 is an ellipse. 

70. If AQO be drawn parallel to CP, meeting the curve in 
Q and the minor axis in 0, 2CP*=A0 . A Q. 

71. PS is a focal distance ; Ci2 is a radius of the aoxilisry 
circle parallel to PS, and drawn in the direction from P to S; 
SQiBA perpendicular on CR: shew that the rectangle contained 
by SP and QR is equal to the square on half the minor axis. 

72. If a focus be joined with the point where the tangent at 
the nearer vertex intersects any other tangent, and perpendiculars 
be let hH from the other focus on the joining line and on the 
last-mentioned tangent, prove that the distance between the feet 
of these perpendiculars is equal to the distance from either focos 
to the remoter vertex. 

73. A parallelogram is described about an ellipse; if two 
of its angular points lie on the directrices, the other two will lie 
on the auxiliary circle. 

74. From a point in the auxiliaiy circle straight lines are 
drawn touching the ellipse in P and i"; prove that SP is parallel 
ioSP". 

75. If the tangent and normal at any point meet the axis 
major in T and respectively, prove that 

ca . CT=^cs: 

76. Find the locus of the points of contact of tangents to a 
series of confocal ellipses from a fixed point in the axis msjor. 
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77. A series of confocal ellipsea interteet a given straiglit 
Hna ; prove that the lociu of the points of intersection of the 
pairs of tangents drawn at the extremities of the chords of inter* 
section is a straight line at right angles to the given straight line. 

78* Given a foeos and the length of the Biajor axis; de* 
scribe an ellipse teaching a given straight line and passing through 
sb given point. 

79* Given a focus and the length of the major axis; de- 
scribe an ellipse tondiing two given straight lines. 

80. Find the positions of the foci and directrices of an ellipse 
which touches at two given points P, Q, two given straight lines 
J^O, QOy and has one focus on the line JPQ, the angle POQ being 
leas than a right angle. 

81. Through any point P of an ellipse are drawn straight 
lines APQf A^PB, meeting the auxiliary circle in Q, jR, and ordi- 
nates Qq, Rr are dra^n to the transverse axis ; prove that, L being 
an extremity ef the latas rectum, 

Aq . A'r i Ar . A'q v, AC* : SLK 

82. If a tangent at a point P meet the major axis in T, and 
the perpendiculars from the focus and oentre in T and Z, then 

TY* : PT* :: TZ : PZ. 

83. An ellipse slides between two lines at right angles to 
each other ; find the locus ef its centre. 

84. TP, TQ are two tangents, and CP^ CQ' are the radii 
from the centre respectively parallel to these tangents, prove that 
P'(^ is paralldi to PQ. 

85. Hie tangent at P meets the minor axis in t; prove thai 

, St.PN^BG.OD. 

86. If the circle, centre t, and radius tS, meet the eDipee in 
Q, and QM be the ordinate, prove that 

Q^ : PN :: BO : BO+OD. 

87. Perpendiculars 5F, jS^T^ are let fall from the foci upon 
a pair of tangents TY, TT\ prove that the angles STY^ STT 
are equal to the angles at the base of the triangle YOY*, 
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8a PQ is the obord of an elfipM nonnal a» P, LCL' the 
diameter biieoting it, shew that P(2 bieeots the angle LPL* and 
that LP-¥PV is oonstant 

89. A BG is an iroioeles triangle of which the side AB vi 
ecioal to the aide AG. £D, BE drawn on opposite sidefl of BC 
and equally inclined to it meet AC in D and E, If an ellipse u 
described romid BDE haying its axis minor parallel to JBCy tben 
AB will be a tangent to the ellipse. 

90. If ^ be the eztreouty of the major axis and P vaj 
point on the curve, the bisecton of the angles PSA^ PS' A meel 
on the tangent at P. 

91. If two ellipses intersect in four points, the diameters 
parallel to a pair of the chords of intersection are in the same 
ratio to each other. 

92. fVom any point P of an elfipse a straight line PQ is 
drawn perpendtcalar to the focal distance 5P, and meeting in Q 
the diameter conjugate to that through P ; shew that PQ Taries 
inversely as the ordinate of P. 

93. If a tangent to an ellipse intersect at right angles a tan- 
gent to a confocal ellipse, the point of intersection lies on a fixed 
circle. 

94. If a circle be drawn through the foci of two confocal 
ellipses, cutting the ellipses in P and Q, the tangents to the 
ellipses at P and Q ¥dll intersect on the eircnmference of the 
same circle. 

95. If any two points P, Q be given in an ellipse, prove that 
a third point R may be found so that the. angle PR^ is a maxi- 
mum by the following construction. Draw a tangent parallel to 
PQ, touching the ellipse in JT, and draw KR perpendicular, to the 
major axis, cutting the curve again in R. 

96. Through the middle point of a focal chord a straight 
line is drawn at right angles to it to meet the axis in i2 ; prove 
that 8R bears to SC the duplicate ratio of the chord to the dia- 
meter parallel to it, S bemg the focus and the centre. 

97* The tangent at a point P meets the auxiliary circle in 
Q' to which corresponds Q on the ellipse ; prove that the tangent 
at (2 cuts the auxiUary circle in the point corresponding to P. 
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98. If a chord be drawn to a series of ooneentric, nmilar, 
And similarly situated ellipses, and meet one in P and Q^ and if 
on PQ as diameter a circle be described meeting that ellipse again 
in B3, shew that RS is constant in position for all the ellipses. 

99. An ellipse touches the sides of a triangle ; prove that if 
one of its foci move along the arc of a circle passing through two 
of the angular points of the triangle, the other will move along 
the arc of a circle through the same two angular points. 

100. The normal at a point P of an ellipse meets the con- 
jugate axis in JT, and a circle is described with centre K and pass- 
ing through the foci S and H. The lines 8Q, HQ, drawn through 
anj point Q of this circle, meet the tangent at P in T and ( ; 
prove that T and t lie on a pair of conjugate diameters. 

101. If SP, ffQ be parallel focal distances drawn towards 
the same parts, the tangents at P and Q intersect on the auxiliary 
circle. 

102. Having given one focus, one tangent and the eccen- 
tricity of an ellipse, prove that the locus of the other focus is a. 
circle. 

103. PSQ is a focal chord of an ellipse, and pq is any parallel 
chord ; if PQ meet in T the tangent at p, 

pq : PQ :: Sp I 8T, 

104. If an ellipse be inscribed in a quadrilateral so that on^ 
focus is equidistant from the four vertices, the other focus must 
be at the intersection of the diagonals. 

105. If a pair of conj agate diameters of an ellipse be produced 
to meet either directrix, prove that the orthocentre of the triangle 
so formed is the corresponding focu& of the curve. 

106. A pair of conjugate diameters intercept, on the tangent 
at either vertex, a length which subtends supplementary angles 
at the f ocL 



CHAPTER IV. 



THE HYPERBOLA. 



Defistitiok. 

An hyperbola is the curM traced by a point which 
moves in such a manner, that its distance from a given 
point is in a constant ratio qf greater inequality to its 
distanoe/rom a given straight line. 

Tracing the Curve. 

89. Let S be the focu^ EX the directrix, and A the 
vertex. 




Then, as in Art. 2, any nnmber of points on the carve 
may be obtained by taking successive positions of E on the 
directrix. 
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In 8X produced, find a point A' such that 
SA' : A'X :: SA : AX, 

then A' is the other vertex as in the ellipse, and, the 
eccentricity being greater than unity, the points A and A* 
are evidently on opposite sides of the directrix. 

Find the pmnt P corresponding to E, and let A'E, PS 
produced meet in P% then, if P'K' perpendicular to the 
directrix meet SE produced in L% 

rU : P'K' :: SA' : A'X 
:: SA : AX, 
ind the angle 

rUS^^VSX^L'SP'', 
:. SP'^P'V. 
Hence P' is a point in the curve, and PSP' is a focal 
chord. 

Following out the construction^ we observe that, since 
SA is greater than AX^ there are two points on the 
directrix, e and «', such that Ae and Aef are each equal to 
AS. 

If E coincide with e^ the angle 

qSL^LSN^ASe-^AeS. 




Hence SQ^ AP are parallel, and the corresponding 
point of the curve is at an infinite distance; and similarly 
the curve tends to infinity in the direction Atf. 
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Farther, the angle A8E u less or greater than AES^ 
according as the point i? is, or is not^ between e and ^. 

Hence, when E is below «, the curve lies above the 
axis, to the right of the directrix ; when between e and X 
below the axis to the left ; when between X and ^, above 
the axis to the left ; and when above 0^, below the axis to 
the right Hence a general idea can be obtained of the 
form of the carve, tending to infinity in four directions, as 
iu the figure of Art 98. 

DErnriTioNS. 

The line AA' it called the transverse oaHs qf the 
hyperbola. 

The middle point, C, qf AA' is the centre. 

Any straight line, drawn through Cy and terminated 
by the curve is called a diameter. 

90, Pbop. I. J[fP be any point of an hyperbola^ and 
AA its transverse axis, and if A'P, and PA produced, 
{or PA and PA' produced) meet the directrix in E and 
F, EF subtends a right angle at the focus. 

Let PKL, perpendicular to the directrix, meet SF 
produced in L, 



L 2 


■r- J] 
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^4j\l 
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Ip 



Then PL : SA' :: PF : A'F 

v.PK.A'X, 
or PL : PK :: SA' : A'X; 

.-. SP^PL, 
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and the angle 

LSP=PLS=LSX. 

Similarly, if P^ be produoed to P; ES bisects the 
saigleASP"; 

.*• ESFiB a right angle. 

91. We shall now prove the existence of another focus 
and directrix corresponding to the vertex A\ 

In AA^ take a point J^ sach that A'X^^^AX^ and 
throngh X' draw a straight line perpendicular to AA!. 
Also in SA' produced, take a point S> such that AS^AS. 

Let A'P and PA produced meet the perpendicular 
through X in /and «, and join Se^ Sf. 
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Then eX' : EX :: AX' ; AX, 

:: AX : AX\ 

::FX :fX; 

.-. eX ./X=EX.FX=SX^=S'X^. 

Hence eS'/iA a right angle. 

Through P draw PXG parallel to the axis meeting 
EX, eX in X, G, and eS', /Sy produced in L and /; 
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then PL : PG :: STA : AX', 

•nd Pl'.PG :iS'A'iA'27', 

.'. PL=Pl; 

and, LtS^l being a right angle, 

£rp^PL=Pl; 

.\£rP :PG :: STA' lA'X'; 

and the conre can be described by means of the focus S' 
and directrix eX, 

Hence it follows that the ciure is symmetrical with 
regard to the point C, and that it lies wholly without the 
ti^gents at the vertices A and A\ 

92. Prop. II. If PN he the ordinate qf a point P, 
and AG A' the transverse axis, PN* is to AN. NA in a 
constant ratio. 

Join AP, A'Py meeting the directrix in B and /, 
fig. Art. 90. 

Then PN : AN :: EX : AX, 

and PN : A'Nv, FX : A'X; 

:. PN^ : AN.NA' :: EX.FX : AX.A'X 
:: ^X* lAX.A'X. 

Since ESFifi a right angle; that is, PN^ is to AN. NA\ 
in a constant ratio. 

Through C, the middle point of AA\ draw CB at right 
angles to the axis, and such that 

BC^ : AC* :: SX^ : AX.A'X; 

then Pm : AN.NA' :: BC* : AC\ 

or PN* : CN*-AC* :: BC* : AC*. 

Cob. If PM be the perpendicular from P on 5C, 
PM=:CN,mdPN=CM; * 
.-. aaf« ; PM^'AC^ :: J5(7« ; ^C^, 
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or CM^ : BC^ :: PM^-AC* : AC*; 

/. CM^ + BC^ : J5(7> :: PM* : AC\ 

or PM^ ; CM^^BC* :: ^(7» : J5CT 

Gonyersely, if a point P move in such a manner that PN* in 
to AN . iV^' in a constaot ratio, PN being the distaace of P 
from the line joining two fixed points A and A^ and N not being 
between ^ and A\ the locus of P is an hyperbola of which AA' 
is the transyerse axis. 

93. If we describe the circle on AA' as diameter, 
which we may term for convenience, the auasUiary circle, 
the rectangle AN.^A' is equal to the square on the 
tangent to the circle from N. % 

Hence the preceding theorem may be thus expressed : 

The ordinate qf an hyperbola is to ths tangent from 
its foot to the auxiliary circle in the ratio qfthe conjugate 
to the trantoerse axis. 

Dbf. If GW he taken equal to CB, on the other side of 
t/ie axisy the line BCH is called the conjugate axis. 

The ttoo lines AA', BB* are the pHncipal axes of the 
curve. 

fVhen these lines are eqttalt the hyperbola is said to be 
equilateral, or rectangular. 

The lines AA', BB^ are sometimes called major and 
minor axes, but, as AA^ is not necessarily greater than 
BB', these terms cannot with propriety be generally em- 
ployed 

94. Peoi?. III. If AC A' be the transverse axis, C 
the centre, JS one of the foci, and X the foot qf the 
directrix^ 

C8 : CA :: CA : CX :: SA : AX, 

and CS : CX :: CS^ : CA\ 

Interchanging the positions of S and X for a new 

1' A' X C X A J 
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figure, the proof of these relations is identical with the 
proof given for tho ellipse in Art 57. 

95. Prop. IV, If S he a focut^ and B an extremity 
of the conjugate axis, 

BC^=^AS. SA\ and SC^^AC^ ^BCP. 

Referring to Art (94), SX^SA +AX\ 

.-. SX : AX :: SA + AX : AX, 

:: SG+AC : AC; 

and similarly 

SX : A'X :iSC-AC: AC; 

.-. SX^ : AX.A'X :: SC^-AC^ : AC\ 

Bat BC^ : AC^ :: SX^ : AX.A'X; 

.-. BC^=-SC^-AC^=AS.SA\ 

Hence SC^=AC*+BC^=AB'; 

L e. SC is eqnal to the line joining the ends of the axes. 

96. Peop. V. The difference qf the focal distances </ 
any point is equal to the transverse axis. 

For, if PKK\ perpendicular to the directrices, meet 
theminiTandir', 

S^P : PIT :: SA : AX, 

and SP : PK :: SA : AX; 

.-. S'P-SP : KK' :: SA : AX, 

:: AA' : XX, Art 9a 
:. S'P-SP=AA\ 

Cor. 1. SP : NX :: AC : CX; 

.'. SP : AC :: iVX: CX; 

:. SP+AC : ^C :: CN : CX, 

or SP+AC : CiV :: aS^^ : AX. 

Hence also S'P-AC : CiV^ :: ^^ : AX. 
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Cos. 2. Hence also it can he easily sfievm, that the 
difference of the distances of any point from the foci of 
an hyperbola^ i^.greater or less than the transverse axi^^ 
according as the point is within or without the concave 
side (fthe curve. 

97. Mechanical Construction qfthe Hyperbola, 

Let a straight rod ^L be moyeable in the plane of the 
paper about the point /S^. Take a piece of string, the 




length of which is less than that of the rod, and fasten one 
end to a fixed point S^ and the other end to Z, then press- 
ing a pencil against the string so as to keep it stretched, 
and a part of it PL in contact with the rod, the pencil will 
trace out on the paper an hyperbola, having its foci at 8 
and S)y and its transverse axis equal to the difference be* 
tween the length of the rod and that of the string* 

This construction gives the right-hand branch of the 
curve ; to trace the other branch, take the string longer 
than the rod, and such that it exceeds the length of the 
rod by the transverse axis. 

We may remark that by taking a longer rod M^L, and 
taking the string longer than SS^+S'L, so that the 
point P will be always on the end S'M of the rod, we shall 
obtain an ellipse of which 8 and 8' are the fod. More- 
over, remembering that a parabola is the limiting form of 
an ellipse when one of the foci is removed to an infinite 
distance, the mechanical construction, given for the para* 
bola, will be seen to be a particular case of the above. 

B.O.S. 7 
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The AtympUiU. 

98. We have ahewn in Art (89) that if two pomt8> i 
and ^, be taken on the directrix such that 

Ae=^Ae^=AS^ 

the lines eA^ if A meet the conre at an infinite du- 
tance. 

These lines are parallel to the diagonals of the rect- 
angle formed by the axes, for 

A^ : AX ;: AS : AX, 

SO : AC, Art (93), 

AB: AC,Ait.(95). 

BEFiNiTioir. The diagonals qf the rectangle farmed 
by the principal axis are called the asymptotes. 

We observe that the axes bisect the angles between the 
asymptotes, and that if a double ordinate, PNP', when 
produced, meet the asymptotes in Q and Q', 

PQ=P'Q\ 

The figure appended will give the general form of the 
curve and its connection with the asymptotes and the 
^auxiliary circle. 
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' 99. Peop. VI. The cuymptotes intersect tJU directrices 
in the earns points as the aua;iliarp circle, and the lines 
joining the corresponding foci with the points qf inter" 
section are tangents to the circle. 

If the asymptote OL meet the directrix in D, jofning 
;S^I?, ng. Art (98), CU^AC^^BC^^SO, 

and CD : CX :: CL : CA 

SC : CA 

CA : CX; 

,-. C2>=(7^, and 2> is on the auxiliary circle. 

Also 

cs:cx=cA^^ci>^; 

,', CDS is a right angle, and SD is the tangent at D, 
QOJL CD^-^SD^^^CS^^AC^-hBC^ Art. 95; 
.'. SD^BC. 

100. An Asymptote may also be characterized as the ultimate 
|)08ition of a tangent when the point of contact is removed to an 
infinite distance. 

It appears from Art. (7) that in order to find the poin^of 
contact of a tangent drawn from a point T in the directrix, we 
must join T with the focus S^ and draw through 8 a straight line 
at right angles to ST; this line will meet the curve in the point 
of contact. 

In the figure of Art. (98) we know that the straight line through 
S, parallel to tA or <7Z, meets the curve in a point at an infinite 
distance, and also that this straight line is at right angles to SD, 
since SD is at right angles to CD, Hence the tangent from i>, 
that is the line from D to the point at an infinite distance, is 
perpendicular to DS and therefore coincident with (72>. 

The asymptotes therefore touch the curve at an infinite 
distance. 

101. Dbf. If an hyperbola he described, having for 
its transverse and conjugate axes, respectively, the con' 
jugate and transverse aaes cf a given hyperHola^ it is 
called the corrugate hyperbola, 

7—2 
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It 18 evident from the preceding article that the ^ymju- 
gate hyperbola has the same asymptotes as the original 
hyperbola, and that the distances of its foci from the centre 
are also the same* 

The relations of Art (92) and its Corollary are also tnie, 
fntUatU mutandis, of the conjugate hyperbola; thus, in 
Art (92), if P be a point in the conjugate hyperbohi» 



and 



cm : PM^+AC* :: BC^ : AGK 



Def. a straight line drawn through the centre mid 
terminated by the corrugate hyperbola is also called a 
diameter qfthe original hyperbola, 

102. Prop. VI I. Jf from any point Q in one qf Vu 
asymptotes, ttoo straight lines QPN, QRM be drawn at 
right angles respectively to the transverse and corrugate 
axes, and meeting the hyperbola in P, p^ and the conju- 
gate hyperbola in E, r, 



and 



QP.Qp=^B(P, 
QR.Qr^AC\ 




For QN^ : BCP :: CiP : AC^; 

:. QIP'BC* : B(P ;: CN^-AC^ : AC^ 
:: PN^ : BC'; 
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.'. QN*--BC^=PN\ 


or 


QN'^PN^^BC^; 


i.a 


QP,Qp=BC*. 
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Similarly, QM* : AC^ :: C3P : B(P; 
A QM*-AC^: A(P :: CAP-BC^ : BC\ 
:: R3P : AC^; 
/. QM*-BM*=AC^, 
or Qi?.Cr=^Cl 

These relations may also be given in the form, 
QP.Pq=BC\ QB.Bq' = A(P. 

Cor. If the point Q be taken at a greater distance 
from Of the length QN and therefore Qp will be increased 
and may be increased indefinitely. 

But the rectangle QP . Qp is of finite magnitude ; 
hence QP will be indefinitely diminished, and the curve, 
therefore, as it recedes from the centre, tends more and 
more nearly to coincidence with the asymptote. 

A further illustration is thus given of the remarks in 
Art. (100). 

103. If in the preceding figure the line Qq be pro- 
duced to meet the conjugate hyperbola in E and e, it can 
be shewn^ in the same manner as in Art (102), that 

QE.Qe=BC*i 
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and this equality is still tme when the line Qq lies between 
C7snd A, in which case Qq does not meet the hjperbohu- 



Properiiet of the Tangent and Normal. 

104. Pbop. YIII. The tangent at any point bisecU 
the angle between tJ^e focal distancee qf that point, and tlu 
normal i$ equally inclined to the focal dietancee* 

Let the normal at P meet the axis in G, 

Then, Art (16), 

SG t SP f: SA : AX, 

aad S'G : J^P :: SA : AX; 

.\ SG : S'G :: SP : SP; 

and therefore the angle between SP and S'P produced is 
bisected by I^G: 

Hence PTtiie t.angenty which is perpendicular to PG, 
bisects the angle SPS'. 

CoE. 1. If PT and GP produced meet, respectively, 
the conjugate axis in t and g, it can be shewn, in exactly 
the same manner as in the corresponding case of the ellipse, 
Art 64, ,that the circle which circumscribes SPSl also 
passes tiirough t and g. 

, . Cob. 2. If an ellipse be described having /fif and Si for 
Its foci, and if this ellipse meet the hyperbola in Py the 
normal at P to the ellipse bisects the angle SPS', and 
therefore coincides with the tangent to the hyperbola. 

Hence, if an ellipse and an hyperbola be cor{foeal, tM 
isy hc^ve the same foci, they intersect at right angles. 

. 105. Prop. IX. Eoery diameter is bisected at the 
ceriire, and the tangents at the ends qf a diameter are 
parallel. 

Let PCp be a diameter, and PN, pn the ordinates. 

The© CN^ ; Cn^ :: PN^ : pn^, 

, ndf^r-AC^ : Cn'-AC; 
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CN^OUy 


and 


:.CP=Cp, 
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Again, if PT, pt be the tangents, 

The triangles PCS, pCS" are equal in all respects, 
and therefore SPS'p is a parallelogram. 

Hence the angles SPS', Spl^ are equal, and therefore 
SrT=S'pL 

Bxit SPG=S'pC, 

.*. the difference TPC=the difference ipC, and PT 
is parallel to ^^. 

It can be shewn in exactly the same manner, that, if 
tho diameter be terminated by the conjugate hyperbola, 
it is bisected in (7, and the tangents at its extremities are 
parallel . . 

CoR« The distances SP, Sp are equally inclined to the 
tangents at P and p, 

106. Peop. X. The perpendiculars from the foci- 
on any tangent meet the tangent on the auxiliary circle, 
and the semi-conjugate axis is a mean proportional be- 
ttceen their lengths. 

Let SY, S'Y' be the perpendiculars, and let /^F pro- 
duced meet S'P in £. 

Then the triangles SPY, LPY are equal in all' re- 
i^ects, . 

and /S'F=Zy. 
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Hence, C being the middle point of ^^' and Y of SL, 
Cr is paraUel to S'L, and S'L=2CY. 




But S'L^S'P-PL=S'P-JSP=2AC; 
.-. CY=AC, 

and Fison the auxiliary circle. 
So also F' is a point in the circle. 

Let iS^y produced meet the circle in Z, and join YZ', 
then, Y^YZ being a right angle, ZF' is a diameter and 
passes through C. Hence, the trianglas SCZ, S'C Y' being 
equal, 

S'Y=SZ, 
and SY.STY^SY.SZ^SA.SA'^BC^. 

Cob. 1. If P' be the other extremity of the diameter 
PC, the tangent at P' is parallel to PF, and therefore Z 
is the foot of the perpendicular from ^ on the tangent 
atP'. 

Gob. 2. If the diameter DCI/, drawn parallel to the 
tangent at P, meet S'P, SP in E and E\ PECY is a 
parallelogram ; 

.-. PE=CY=AC, 
and so also PE^CT^AO. 

107. Pbop. XI. To draw tangenU to an hyperMa 
from a given point. 
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~ The construction of Art. (14) may be employed, or, as in 
the cases of the ellipse and parabola, the following. 

Let Q be the given point; join JSQ, and upon SQ aa 




diameter describe a curcle intersecting the auxiliary circle 
in Fand Y' ; 

Q Fand Q Y' are the required tangents. 

Producing SY to Z, so that YL=SY, draw S'L 
cutting QYinP, and join SP, 

The triangles SPY, LP Yore equal in all respects, 

and S'P-SP=S'L=^2CY=2AC, 

.'. P is a point on the hyperbola. 

Also QP bisects the angle aS'PaS", and is therefore fhe 
tangent at P. A similar construction will giro the other 
tangent QP'. 

If the point Q be within the angle formed by the 
asymptotes, the tangents will both touch the same branch 
of the curre ; but if it lie within the external angle, they 
fnH touch opposite branches. 

108. Pkop. XII. l/tfoo tangents be dratcnfrom any 
point to an hyperbola they are equMly inclined to the 
focal distances qf thai point. 
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Let PQ, P'Q he the tangents, SY^S' Y\ SZ, S^r iJie 
perpendicalan from the foci; join YZy YZ\ 




Then tlie angles YSZ, Y'S'Z are equal, for they are 
the supplements of YQZ, YQZ\ 

Also SY. S'Y=SZ. &Z', Art (106) ; 

or SY.:SZi\S'Z':S'T\ 

/. the triangles YZS, YS'Z are similar, 

and the angle YZg=Z Y'S\ 

But the angle YQS^ YZS, and Z'QS^ZTS' ; 

/. YQS-'ZQS'. 

That is, t]ie tangent QP, and the tangent P'Q pcfk- 
, duced, are equally inclined to SQ and S'Q. 

Or» producing S'Qj QP and QP^ are equally inclined 
to Q/S and /^Q produced. 

In exactly the same manner it can be shewn that if 
QPy QP touch opposite branches of, the curve the apgles 
PQS, P'QSr are equal. 

OoB. If Q be a point in a confocal hyperbola, the nor- 
mal at Q bisects the angle between SQ and JS'Q produced 
and therefore bisects the angle PQP^. 

ffmcs, if from any point qfan hyperbola tangents he 
drawn to a confocal hyperbola, these tangmU are equally 
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inclined to the not^mai or the tangent at the point, aciord^ 
ing 09 it lies.iinthin or tcithout that angle formed by the 
asymptot^ of the cor{focal which contains the (rqn9Vprse 
iuces. 

109. Prop* XIII. IfPT, the tangent at P, meet the 
traneverijB axi$ in T., and PN be the ordinate^. . . 

CN.CT=A(P. 

Let fall the perpendicular Sy upon PT, and join yiV, 
CV, >SP, and /S'P. , . 





p 


:::^^ 


^^^^^^"^^.^ 


i. 


p r 


/T^4,N S 


/ 


/ . 





Theang[le{7yr=AS;'Py 

^SPy 

=the supplement of SNy 

= CNy; 
also the angle yCT is common to the two triangles CyT, 
OyN; these triangles are therefore similar, 

and CN : Cy :: Cy : CT, 

or GN.OT=Cy^=A(P. 

CoE. 1. Hence GN. NT^ CN^- CN. CT 

=AN,NA\ ■ 

Gob. 2. Hence also it follows that 

i .€f^jU3yv. number of hyperbolas be described having the 
same transverse azis^ and an ordinate be drawn cutting 
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the hyperbolas, the tangents at the points of section iriO 
all meet the transyerse axis in the same point 

Cor. 3. If CN be increased indefinitely, CT is dimi- 
nished indefinitely, and the tangent ultimately passes 
through C, as we hare abready shewn^ Art (100). 

110. Pkop. XIV. I/the tangent at P meet the ecn- 
jugate axis in t, and PNhe the ordinate, 

a.PN=^BCK 
For, Fig. Art (109), 
Then Ct :PN:: CTiNT; 

.'. Ct.PN: PN^ :: CT. CN : CN. NT 

::A€^:AN.NA\ 
.'. Ct.PNiAC*:: PN^ : AN. NA\ 
iiBC^iAC^, 
and Ct.PN ^BC^. 

111. Peop. XV. If the normal at P meet the trans- 
verse axis in G, the corrugate axis in 5, and the diametet 
parallel to the tangent at P in F, 

PF. PG=BC\ and PF. Pg=AC^. 

Let NPy PM, perpendicular to the axes, meet the dia- 




meter Ci^ in K and Z, and let the tangent meet the axes 
inTand^. 
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THea JOr(7, I^FG being right angles, a circle caii be 
described aboat KFNG, and therefore 

PF. PG^PK. PN^ Ct . PN 



sr 




K 


M 


/\ 


P 


C 


/ / 


\ 


yr ]^ ^ 


i 


/ 





or 



or 



Similarly a circle can be drawn through FLMg ; 
.-. PF.Pg=PL.PM=CT. CN, 
=A(P. 
Cob. Hence 

PG : Pg :: BC^ : AC^. 
AlsOy PNGf PMg are similar triangles ; 
:,NG\MP\\PG\Pg, 
.iBC^:AC\ 
NG: CNv.BC^iACK 
Hence CN : CG ;: AC^ : AC^-{-BC\ 

:: ACr^ : SC\ 
CG : ON :: SC^ : -4C7«. 



112. Peop. XVI. If PCp he a diameter, and QV 
an ordinate^ and if the tangent at Q meet the diameter 
Pp in T, 

CV.CT^rCP'. 



no 
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Lei the tangents at P andp meet the tkuigent at^ in 
R and r ; 




Then the angle SPR^Spr, Cor. Art (105), 

and therefore if EN, m be the perpendiculars on SP, tPi 
the triangles BPN, rpn are similar. 

Draw RM, rm perpendiculars on SQ. 

Then TR : Tr :: RP :rp, 

:: RN : m, 

:: RM: rm, Cor. Art. (13), 

:: RQ ; rQ. 

Hence, QV, RP, and rp being parallel, 

TP:Tp::PV:pV; 

:. TP^Tp : Tp-TP :: PF^-pV ipF^PF, 

or 2CP : 2CT :: 2CF : 2CP, 

or CV. CT^CPK 
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113. Paop. XYIL a diameter bueeti all chordt 
parallel to the tangents at its extremities. 

Let POp be the diameter, and Q^ the chord, parallel 




to the tangents at l' and p. Then if the tangents 7*0, 
TQ" at Q and Q" meet the tangents at P and p, in the 
points K Ey e, e', 

EP^E'P and ep=^p. Art (16); 

•*. The pomt T is on the line Pp ; 

but TP bisects CQ'; 
that is, the diameter ^'CP produced bisects QQ^ 

DBF. The tine DCd^ drattn parallel to the tangent at 
P, and terminated by the conjugate hyperbola^ that iSy t/w 
diameter parallel to the tangent at P, is said to be con^ 
jugate to PCp, 

A diameter therefore bisects all chords parallel to its 
conjugate. 

114. Pbop. XVIIL Tf the diameUr DCd be cor^fu- 
gate to PCp, then will PQf> be corrugate to DCd. 

Let the chord QVq be parallel to CD and be bisected 
in Vhj CP produced. 

Draw the diameter qCRy and join RQ meeting €i> 
in U. 

Then BC=Cq and QF^Vq; 

A QE is parallel to CP. 



lis 
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QU: UR v.Cq'.CR, 


and 


:. QU=UR 




that is, CD bisects the chords parallel to C7P, and I^Cp is 
therefore coiyugate to DCd, 

Hence when two diameters are conjugate, each bisects 
the chords parallel to the other. 

Dbf. Chordz drawn from the extrerrdties qf any 
diametei* to a point on the hyperbola are called sup- 
plemental chords, j 

Thus, qQy QR are supplemental chords, and they are | 
parallel to CD and CP\ supplemental chords are there- ' 
fore parallel to conjugate diameters. 

Dbf. a line Q V, dratcn from any point Q qf an 
hyperbola, parallel to a diameter DCd, and terminated 
by the conjugate diameter PCp, is called an ordinate of i 
the diameter PCp, and if QV produced Tneet the curve \ 
in Q', Q VQ^ is the double ordinate* 

This definition includes the two cases in which QQ^ may 
be drawn so as to meet the same, or opposite branches of 
the hyperbola. 

116. Peop. XIX. Any diameter is a mean- pro- 
portional between tJie transverse axis and the focal chord 
parallel to the diameter. 

This can be proved as in Art. 76. 
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Properties qf Asymptotes, 

116. Paop. XX. Jffrom any point Q in an asymp- 
tote QPpq he drawn meeting the curve in P, p and the 
other {uymptote in g, and if CD he the semi-diameter 
parallel to Qq^ 

QP . Pg= CIP and QP =pq. 
Through P and 2> draw EPr, DTt perpendicular to 
the transTerse axis, and meeting the asymptotes. 




Then QP : RP :: CD : DT, 

and Pq : Pr :: CD : Dt\ 
:. QP.Pq : RP.Pr :: CD» : DT.DL 
But RP.Pr^BC^^DT. Dt, Art (103), 

.-. QP.Pq=CD^. 
Sinoilarly qp.pQ=CD^', 

.'.QP.Pq^^qp.pQ; 
or, if Fbe the middle point of Qq, 
QV^-^PV^=QV^-pV\ 
Hence PV^pV, 

and /. PQ=pq, 
We have taken the case in which Qq meets one bi^ch 
of the hyperbola. It may however be shewn in the same 
manner that the same relations hold good for the case in 
which Qq meets opposite branches. 

B. 0. s. 8 
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Cor. Jfa straight line PP'j/p meet tJis hyperbda in 
P, Pt and the corrugate hyperbola in P', p\ PP'^pp', 

For, if the line meet the asymptotes in Q, g, 
and PQ-qp\ 

117. Prop. XXI. The portion of a tangent, which ti 
terminated by the asymptotes^ is bisected at the point of 
contact^ and is equal to the parallel diameter, 

LEI being the tangent. Fig. Art (116), and DOd the 
parallel diameter, draw any parallel straight line QPpq 
meeting the carve and the asymptotes. 

Then QP-pq\ and, if the line move parallel to itself 
until it coincides with X/, the points P and p coincide with 
Ey2iSi^.\LE=EL 

Also QP . Pq =5 C2>*, always, and therefore 

LE.El^GL^, 
or LE=CD, 

It may be noticed that since the asymptotes are tangents, 
the fact that LE-=El is a particular case of the general property 
demonstrated in Art. (16). 



Properties of Corrugate Diameters. 

118. Peop. XXII, Conjugate diameters of an hyper- 
bola are also cor^tigate diameters of the conjugate hyper^ 
bola, and the asymptotes are diagonals qf the parallelo- 
gram formed by the tangents at their extremities, 

PCp and DCd being conjugate, let QVqy a double 
ordinate of CD, meet the conjugate hyperbola in Q[ 
and q^. 

Then QV=^yq, 

and QQ'^'qgf, Cor. Art. (116) ; 
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That is, CD bisects tho chords of the coi\)ugate byperboh 
parallel to CP. 




Hence CD and CP are conjugate in both hyperbolas, 
and therefore the tangent at i> is parallel to CP, 

Let the tangent at P meet the asymptote in L ; then 

PLr^CD. Art (117). 
Hence LD is parallel and equal to CP; 
but the tangent at D is parallel to CP ; 

.'. LD is the tangent at D, 

Completing the figure, the tangents at p and d are 
parallel to those at P and />, and therefore the asymptotes 
are the diagonals of the parallelogram LIVL\ 

Cob. Hence, joining P/>, it follows that PDis parallel 
to the asymptote ICU^ since LP=^PL\ and LD-DU 

119. Peop. XXIIL. Tf QV he an ordinate qf a dia- 
meter PCp, and DCd tJve conjugate diameter^ 

QV^ : PV.Vp :: CD^ : CP^. 

Let Q V, and the tangent at P, meet the asymptote in 
R and L, 

Then LP being equal to CD, 

RV^i CD^ :: CV^ t: CP'; 

8—2 
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But BV^'-qV^^CL^. 




Hence QV* \ CI^ :: CV^-CP^ : CP\ 
or era : Pr. F/? :: C/)» : CP«, 

120. Prop. XXIY. I/QVbe an ordincUe of a dia- 
meter PCp, and if the tangent at Q meet the conjjigaU 
diameter y DCdy in t, 

Ct.QV:^Cm 

For, fig. Art (113), 

a : QY v. CT: FT, 
and /. Ct.QV : QV^ ;: CV,CT : CF. VT. 
But CV,CT=CI^, Art (112), 

and Cy. VT= CV^ - CV. CT= (7F2- CP^ ; 
.-. Ct. QV : QV^ :: CP' : CV^-CP^, 

:: aZ>a : QV\ Art (1 19). 
Hence Ct,QV=CD\ 

121. Prop. XXV. If ACd, BCb he conjugate dia- 
meters, and PCp, DCd another pair qf corgugcUe dia- 
meters, and ifPN, DM be ordinates o/ACa, 

CM : FN :: AC : DC, 

md DM : CN :: BC : AC 
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Let the tangents at P and Z> meet ACa in 7* and t; 




then ON. CT=AC'=C3f. Ct, Arts. (112) and (120), 
/. CM : CN ;: CT : Ci, 
:: PT I CDy 
iiPN.DM, 
v.CNxMti 

and OM^^^CN^'-AC^i 

But PN^ : CN^-A(P :: B(P : AC*; 

.-. PN : CM :: ^C : ^(7; 
and, similarly^ DM : CiV :: BG : ^C. 

Cos. We have shewn m the coarse of the proof, that 

CN*-CM^=AC*. 

Similarly, if Pn, Dm be ordinates otBCf 

Om^-Cn^^BC^; 

that is, DM*^PN*=BC*; 

and it mart be noticed that these relations are shewn for 
any pair of conjugate diameters ACa, BCb, including of 
coarse the axes. 
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122. Pbop. XXVI. Xf CP, CD he eor^fugate semt- 
diameters^ and AC, BC the eemi-axes, 

CP^-CJD^^AC^-BCK 

For, drawing; the ordinates PN, DMy and remembering 
that in this csuse the angles at N and M are right angles, 
we have, from the figure of the previoas article, 
CP^=CN^-^Plh, 
CD^^CJiP^DAP. 
But CN^-CM^^AC^&ndDM^-^PIP^BC^; 
.\ CP'-CI^=AC^-BCl 

123. Prop. XXVII. I/the normal at P meet tJie axes 
inGandg^ , : ... 

PG : CD :: BC : AC, 
and Pg : CD, :: AC : BC. 

For the proofs of these relations, see Art (79). 
Obserre also that 

PG.Pg = CD^, '' 

and that 

Gg : CD :: SC* : AC.BC. 

124 Pbop. XXVIII. Tha area cf the parallelogram 
formed by the tangents at the ends qf conjugate diameters 
is equal to the rectangle contained by the (ixes. 

Let CP, CD he the senw-diameters, and PiV, DM the 
ordinates of the transverse axis. 
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Let the normal at P meet CD in F, and the axis in 
Cf. Then PNO^ CDM are similar triangles, and, exactly 
su in Art (80), it can be shewn.that 

PF.CD=^AC.Ba 

126. Prop. XXIX. If SP, S'P be the focal du^ 
tance of a point P, and OD be conjugate to CP, 

SP.S'P^CJDI^. 

Attending to the figure of Art (106), the proof is the 
as that of Art. (81). 



126. Fbop. XXX. tf the tangent at P meet a pair 
of corrugate diameter* in T and <, and CD be corrugate 
to CP, 

PT.Pt^CL^. 

This can be proved as in Art. (82). 
It can also be shewn that if the tangent at P meet 
two parallel tangents in T and ^, 

PT\Plf=^CI^. 

«. 

127. Pbop. XXXI. If the tangent at P meet the 
asymptotee in L and L\ 

CL.CL'^SC^. 

Let the tangent at A meet the asymptotes in K and 
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K'; tbea. Arte. 118 and 124, the triangles LCL\ KCKT m 
of equal area, and therefore 

CL : CK' :: CK : CZ', Eadid, Book tl, 
or CL.CL'^CE? 

Cob. If Pff, Pff' be drawn parallel to, and ter- 
minated bj the asymptotes, 

4. Pff. Pff' ^CS*, 
forCL=2Pff\taidCr=2Pff. I 

I 
128. Pbop. XXXII. Pain qftangenti at right angUt 
to each other intersect on a fixed circle* ' 

PT^ QT being two tangente at right angles, let SY, 
perpendicular to PT, meet S'P in JT. 




Then, Art. (108), the angle 

£I'TY^^QTS, 

and obviooslj, KTP^PTS; 

therefore S'TY' is complementary to KTP, and 8'TK]a 
a right angle. 
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Hence 

=2. CT»+2.CiS" by Euclid IL 12 and 13j 

and the iocus. of 2* is a circle. 

If J 6^ be less than BC^ this relation is impossible. 

In this case, however, the angle between the asymp- 
totes is greater than a right angle, and the angle PTQ 
between a pair of tangents being always greater than the 
angle between the asymptotes is greater than a right angle. 
The problem is therefore h priori impossible for the 
hyperbola, but becomes possible for the conjugate hyper- 
bola. 

As in the case of the ellipse, the locus of 7* is called 
the director circle. 

129. < Prop. XXXIIL The reclanglei contained by the 
segment^ qf any two chordg which intersect each other 
are in the ratio of the sqtiares on the parallel diameters. 

Through any point in a chord QOf^ draw the dia* 




meter ORR^; and let CD be parallel to QQ\ CP conjug^ate 
to CD, and bisecting QQf ia F. . - . ~ 
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Draw RUtOk ordinate of CP, 

Then EU* : CU^-^CF^ :: CD« : CP*, 




But iJIT* : CXP :: OF* ^ CV^\ 

A C2)a : (7^2 :: (7/>«+QF«-0r» : Cr«, 
or CZ>» : C2>2+QF»-OF2 :: C7C^ : CT^, 

:: Cfia : CO^; 
/. Ci)2 : QP«-Or« :: Cm : CO^-CB^, 
or , CZ>a : QO.OQ' :: (7i?« : OB.OBf. 

Similarly, if qO^ be any other chord, and Cd the 
parallel semi-diameter^ 

€d^ : qO.O^ :: (7i2« : OR. OR; 

.-. GO. Oe' '.qO.Oq' :: (7i>* : Ca«; 

that is, the ratio of the rectangles depends only on the 
directions of the chords. 

Peop. XXXIV. J|/ a circle intersect an hyperbola 
in four points^ the severed pairs qf the chords qf inter- 
section are equally inclined to the axes. 

For the proof, see Art (87)» 
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Examples. 

1. If a circle be drawn so as to touch two fixed circles 
externally, the locus of its centre is an hyperbola. 

2. If the tangent at ^ to the conjugate meet the latus 
rectum in D, the triangles SGD^ SXD are similar. 

8. The straight line drawn from the focus to the directrix, 
parallel to an asymptote, is equal to the semi-latus-rectam, and 
is bisected by the curve. 

4. Given the asymptotes and a focuSj find the directrix. 

5. Given the centre, one asymptote, and a durectrix, find 
the, focus. 

6. Parabolas are described passing through two fixed points, 
and having their axes parallel to a fixed line; the locus of their 
foci is an hyperbola. 

7> The base of a triangle being given, and also the point of 
contact with the base of the inscribed circle, the locus' of the 
yertex is an hyperbola. 

8. If the normal at P meet the conjugate axis in g, and 
gN be the perpendicular on SP^ then PN=AG, 

9. Draw a tangent to' an hyperbola, or its conjugate, parallel 
to a given line. , : 

10. If J ^' be the axis of an ellipse, and PNP' a double 
ordinate, the locus of the intersection of A'P and P'A is an hy- 
perbola. 

11. The tangent at P bisects any straight line perpendicular 
to AA*, and terminated by AP^ and A' P. 

12. If PQ> be a diameter, and if Sp meet the tangent at P 
inr, 

8P=ST. 

13. Given an asym^ tote, the focus, and a point ; construct 
the hyperbola. 

14. A circle can be drawn through the foci and the inter* 
sections of any tangent with the tangents at the vertices. 

15. Given an asymptote, the directrix, and a point; oon- 
ttruct the hyperbola* 
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16. If throngfa any point of An hyperbola straight lines an 
drawn parallel to the asymptotes and meeting any semi-diameter 
CQ'mP and i2, 

CP.CR=CQ^. 

17. PN 18 an ordinate and NQ parallel to AB meets the 
oonjngate axis in Q; prove that QB.QB'^PNK 

18. NP is an ordinate and Q a point in the curve; AQt 
A'Q meet JVP in D and i?; prove that ND. N£=NP^. 

19. If a tangent cut the major axis in the point T, and per* 
pendiculars 8Tf MZ be let fall on it from t lie foci, then 

AT.A'T^YT.ZT. 

20. In the tangent at P a point Q is taken each that PQ, ia 
proportional to CD\ shew that the locus of Q is an hyp«rb<^. 

21. Tangents are drawn to an hyperbola, and the portion of 
each tangent intercepted by the asymptotes is divided in a cod- 
slant ratio ; prove that the locus of the point of section is an 
hyperbola. 

22. ' If the tangent and normal at P meet the conjugate 
axis in t and K respectively, prove that a circle can be drawn 
through the foci and the three points P^ t, K, 

Shew also that 

eK : SK :: 8A : AX, 

and St : tK :: BO : CD, 

CD being conjugate to CP, 

23. 6l>ew that the points of trisection of a series of oontei^ 
minous circular arcs lie on branches of two hyperbolas; and 
determine the distance between their centres. 

24. If the tangent at any point P cut an asymptote in T, 
and if 5P cut the same asymptote in Q, then SQ^QT. 

25. A series of hyperbolas having the same asymptotes is 
cut by a straight line parallel to one of the asymptotes, and 
through the points of intersection Hnes are drawn parallel to the 
other, and equal to either semi-axis of the corresponding hyper- 
bola: prove that the locus of their extremities is a parabola. 

26. Prove that the rectangle PF . P3^ in an ellipse is equal 
to the square on the conjugate axis of the confocal hyperbola 
passing through P. « . 
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27« If the tangent at P meet one asymptote in jT, and a 
line TQ, be drawn parallel to the other asymptote to meet the 
curye in Q; prove that if PQ be joined and produced both ways 
to meet the asymptotes in R and K, RRf will be trisected at the 
points P and Q. 

28. The tangent at a point P of an ellipse meets the hyper- 
bola having the same axes as the ellipse in (7 and D, If Q be 
the middle point of CD, prove that OQ artd OP are* equally 
inclined to the axes, being the centre of the ellipse. 

29. Given one asymptote, the direction of the other, and 
the position of one focus, deterinine the position of the vertices. 

30. Two points are taken on the same branch of the curve, 
and on the same side of the axis ; prove that a circle can be 
drawn touching the four focal distances. 

■ 31. Supposing the two asymptotes and one point 6f the 
<nirve to be given in position, shew how to construct the curve ; 
and find the position of the foci. 

32. Given a pair of conjugate diameters, construct the axes. 

33. If PR, PK be drawn parallel to the asymptotes from a 
point P on the curve, and if a line through the centre meet them 
in Rj T, and the parallelognun PRQT be completed, Q is a point 
on the curve. 

34. The ordinate NP at any point of an ellipse is produced 
to a point Q, such that NQ is equal to the subtangent at P; 
prove that the locus of Q is an hyperbola. 

35. If a given point be the focus of any hyperbola, passing 
through a given point and touching a given straight line, prove 
that the locus of the other focus is an arc of a fixed hyperbola. 

36. An ellipse and hyperbola are described, so that the foci 
of each are at the extremities of the transverse axis of the other ; 
prove that the tangents at their points of intersection meet the 
conjugate axis in points equidistant from the centre. 

87. A circle is described about the focus as centre, with a 
radius equal to one-fourth of the latus rectum : prove that the 
focal distances of the points at which it intersects the hyperbola 
are parallel to the asymptotes. 

38. The tangent at any point forms a triangle with the 
asymptotes : determine the locus of the point of intersection of 
the straight lines drawn from the angles of this triaDgle to bisect 
the opposite sides* 
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89. 1( ST, S'T' he the perpisndiculars on the tang-ent at P, 
% circle can be drawn through the points F, Y\ N, C, 

40. The straight lines joining each focus to the foot of the 
perpendicular from the other focus on the tangent meet on the 
normal and bisect it. 

41. If the tangent and normal at P meet the axis in T and 
G,NQ.CT=^BC\ 

42. If the tangent at P meet the axes in T and t, the angles 
PSt, 8TP are supplementary. 

48. If the tangent at P meet any conjugate diameters in T 
and t, the triangles SPT, S'Pt are similar. 

44. If the. diameter oonjagate to CP meet 8P and S'P in B 
and E*^ prove that the circles about the triangles SCE, S^CE' ard 
equal, 

45. The locus of the centre of the circle inscribed in the tri- 
angle SP8' is a straight line. 

46. If PN be an ordinate, and NQ parallel to AP meet CP 
in Q, ilQ is parallel to the tangent at P. 

47. If an asymptote meet the directrix in D, and the tan^* 
gent at the vertex in Ey AB is parallel to SE. 

48. The radius of the circle touching the curve and its 
asymptotes is equal to the portion of the latus rectum produced, 
between its extremity and the asymptote. 

49. If (r be the foot of the normal, and if the tangent meet 
the asymptotes in L and M, QL^QM, 

50. With two conjugate diameters of an ellipse as asymp- 
totes, a pair of coi^ugate hyperbolas is constructed: prove that 
if one hyperbola touch the ellipse, the other will do so likewise ; 
prove also that the diameters drawn through the points of con- 
tact are conjugate to each other. 

51. If two tangents be drawn the lines joining their inter- 
sections with the asymptotes wi!l be parallel. 

52. The locus of the centre of the circle touching SI*, S'P 
produced, and the major axis, is an hyperbola. 

53. If from a point P in an hyperbola, PK be drawn parallel 
to an asymptote to meet the directrix in JT, then PK=SP, 

54 If PB be drawn parallel to an asymptote, to meet the 
conjugate hyperbola in D, CP and CD are conjugate diameters. 
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55. If QR be a chord parallel to the tangent, at P, and if 
QL^ PNf JIM be drawn parallel to one asymptote to meet the 
other, 

CL,CM^CN\ 

56. If a circle touch the traDBverse axis at a focus, and pasb 
through one end of the conjugate, the chord intercepted by the 
conjugate is a third proportional to the conjugate and tranaveris 
semi-axes. 

57. A line through one of the yertices, terminated by two 
lines drawn through the other vertex parallel to the asymptotes, 
is bisected at the other point where it cuts the curve, 

58. If PSQ be a focal chord, and if the tangents at P a^d Q 
meet in T, the difference between PTQ and half PSQ, is a right 
angle. 

59. If a straight line passing through a fixed point O meet 
two fixed lines OAy OB in A and B^ and if P be taken in AB 
such that CP^=CA . CB, the locus of P is an hyperbola, having 
its asymptotes parallel to OA^ OB, 

60. If from the points P ai^d Q in an hyperbola there be 
drawn PL, QM parallel to each other to meet one asymptote, 
and PRf QN also pari^lel to each other to meet the other viym]^' 
tote, PL. PB=^QM,QISr, 

61. Prove that the locus of the point of intersection of two 
tangents to a parabola which cut at a constant angle is an 
hyperbola, and that the angle between its asymptotes is double 
the external angle between the tangents. 

62. An ordinate VQ of any diameter CP is produced to 
meet the asymptote in B, and the conjugate hyperbola in Q^; 
prove that Q F^ + Q' F«= 2i2 7«. 

Prove also that the tangents at Q and Q' meet the diameter 
CP in points equidistant from C, 

63. A chord QPL meets an asymptote in L, and a tangent 
from L ia drawn touching at i2; if PM, KB, QN, be drawn 
parallel to the asymptote to meet the other, 

PM+QN^2,RE. 

64. Tangents are drawn from any point in a circle through 
the foci ; prove that the lines bisecting the angle between the 
tangents, or between one tangent and the other produced, ail 
pass through a fixed point. 
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65. If a circle tfarough the foci meet two oonfoeal li3rper- 
bolas in P and Q, the aogle between the tangents at P and i} ^ 
equal to PSQ. 

66. If SY, S'Y' be-perpendicalara on the tangent at P, and 
if PA* be the ordinate, the angles PNY, PNY' are supplementaiy. 

67. Find the position of P when the area of the triangle 
YCY' 18 the greatest possible, and shew that, in that case, 

PN.SC^BOK 

68. If the tangent at P meet the conjugate axis in t, the areas 
of the triangles SP^, StS^ are in the ratio of CD^ i St*. 

69. If SY,SZhe perpendiculars on two tangents which meet 
in T, YZ is perpendicular to S'T, 

70. A circle passing through a focus, and having its centre 
on the transverse axis, touches the curve; shew that the focal 
distance of the point of contact is equal to the Latus Bectom. 

71. If CQ be conjugate to the normal at P, then is CP con- 
jugate to the normal at Q. 

72. From a point in the auxiliary circle lines are drawn 
touching the curve in P and P'; prove that SP^ S'P' are parallel 

73. If the tangent and normal at P meet the axis in T and (r, 

74. Find the locus of the points of contact of tangents to a 
«eries of confocal hyperbolas from a fixed point in the axis. 

75. Tangents to an hyperbola are drawn from any point in 
one of the branches of the conjugate, shew that the chord of con- 
tact will touch the other branch of the conjugate. 

76. An ordinate NP meets the conjugate hyperbola in Q; 
prove that tho normals at P and Q meet on the transverse axis. 

77. A parabola and an hyperbola have a common focus S 
and their axes in the same direction. If a line SPQ cut the curves 
in P and Q, the angle between the tangents at P and Q is equal 
to half the angle between the axis and the other focal distance of 
the hyperbola. 

78.. If a hyperbola be described touching the four sides, of a 
quadrilateral which is inscribed in a circle, and one focus lie on 
the circle, the other focus will also lie on the circle. 
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79. A oonic lection is drawn touching tbe asymptotes of an 
hyperbola. Prove that two of the chords of intersection of the 
carves are parallel to the chord of contttct of the conic with the 
asymptotes, 

80. A parabola P and an hyperbola H have a common focus, 
and the asymptotes of H are tangents to P; prove that the tangent 
at the vertex of _P is a directrix of IT, and that the tangent to 
P at the point of intersection passes through the further vertex 

ofjy. 

81. From a given point in an hyperbola draw a straight 
L'ne such that the segment intercepted between the other inter- 
section with the hyperbola and a given asymptote shall be equal 
to a given line. 

When does the problem become impo&sible ? 

82. If an ellipse and a confocal hyperbola intersect in P, an 
asymptote passes through the point on the auxiliary circle of the 
ellipee corresponding to P. 

83. P is a point on an hyperbola whose foci are S and ff; 
another hyperbola is described whose foci are S and P, and whose 
transverse axis is equal to SP - 2PII: shew that the hyperbolas 
will meet only at one point, and that they will have the same 
tangent at that point. 

84. A point D is taken on tbe axis of an hyperbola, of which 
the excentricity is 2, such that its distance from the focus S is 
equal to the distance of S from the further vertex A*; P being 
any point on the curve, A'P meets the latus rectum in K, Prove 
that DK and SP intersect on a certain fixed circle. 

85. Shew that the locus of the point of intersection of tan- 
gents to a parabola making with each other a constant angle 
equal to half a right angle, is an hyperbola. 

86. The tangent and normal at any point intersect the 
asymptotes and axe.«i respectively in four points which lie on a 
circle passing through the centre of the curve. 

The radius of this circle varies inversely as the perpendi- 
calar from the centre on the tangent. 

87. The difference between the sum of the squares of the 
distances of any point from the ends of any diameter and the 
sum of the squares of its distances from the ends of the conjugate 
is constant. 

B. 0. S. g 
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88. If a tangent meet the asymptotes in L and M, the angle 
subtended by LM at the farther focus is half the angle between 
the asymptotes. 

89. If Pi\r be the ordinate of P, and PT the tangent, 
prove that 

8P : ST :: AN z AT, 

90. If the tnn^ent at P cut an asymptote in T and if SP 
cut the same asymptote in Q, then 

SQ = QT, 

91. Two adjacent sides of a quadrilateral are given id 
magnitude and position; if the quadrilateral be such that a 
circle can be inscrihed in it, the locus of the point of intersection 
of the other two sides is an hyperbola. 

92. The tangent at P meets the conjugate axis in t, and 
tQ is perpendicular to SP ; prove that SQ is of constant length. 

93. An hvperbola, having a giren transverse axis, has one 
focus fixed, and always touches a given straight line; the locos 
of the other focus is a circle. 

94. A chord PRVQ meets the directrices in R and V; shew 
that PR and VQ subtend, each at the focus nearer to it, angles 
of which the sum is equal to the angle between the tangents at 
P and Q. 

95. A circle is drawn touching the transverse axis of an 
hyperbola at its centre, and also touching the curve ; prove that 
the diameter conjugate to the diameter through either point of 
contact is equal to the distance between the foci. 

96. A parabola is described touching the conjugate axes of 
an hyperbola at their extremities ; prove that one asymptote is 
parallel to the axis of the parabola, and that the other asymptote 
is parallel to the chords of the parabola bisected by the first. 

If a straight line parallel to the second asymptote meet the 
hyperbola and its conjugate in P, P', and the parabola in Q, Q^, 
it may be shewn that PQ = PQ^, 

97. If two points E and ^ be taken in the normal PO such 
that PE=PE'=CI>, the loci of E and E' are hyperbolas having 
their axes equal to the sum and difference of itte axes of the 
given hyperbola. 
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98. The angular point J of a triangle ABC is fixed, and 
the an^le A is given^ while the points B and C move on a fixed 
straig^bt line; prove that the locus of the centre of the circle 
circuxnacrihing the triangle is an hyperbola, and that the envelope 
of the circle is another circle. 

99. If a conic be described having for its axes the tangent 
and normal at any point of a given ellipse, and touching at its 
centre the axis-major of the given ellipse, and if another conic 
be described in the same manner but toaohing the minor axis at 
the centre, prove that the fuci of these conies lie in two circles 
concentrio with the given ellipse, and having their diameters 
equal to the sum and difference of its axes. 

100. An ellipse and an hyperbola are confocal ; if a tangent 
to one intersect at right angles a tangent to the other^ the locus 
of the point of intersection is a circle. 

Shew also that the difference of the sqaares on the distances 
from the centre of parallel tangents is constant. 

101. If a circle passing through any point P of the curve, 
and having its centre on the normal at P, meets the curve again 
in Q and R, the tangents at Q and R intersect on a fixed straight 
line. 

102. If the tangent at P meet an asymptote in Ty the angle 
between that asymptote and S'P is double the angle 8TP, 

103. Four tangents to an hyperbola form a rectangle. If 
one side AB of the rectangle intersect a directrix in F, and S be 
the corresponding focus, the triangles FSA, PBS are simikur. 



9—2 



CHAPTER V. 
THE RECTANGULAR HYPERBOLA. 

Ifihs axet (if an hyperbola he equal, the angle hetiDeen 
the oiymptotee is a right angle, and tits curve is called 
equilateral or rectangular. 

130. Prop. 1. In a rectangular hyperbola 

CS^=2AC\andSA^=2AX\ 

For CS^=AG^^BC^=2AC\ 

and SA : AX :: SC : AC; 

/. SA^=2AX\ 

Observe that in the figure of Art (9S), SDO is an 
isosceles triangle, since 

SD=BC, and CD=^AG, 

and therefore SD = DC, 

131, Peop. II. T?ie asymptotes qfa rectangular hy- 
perbola bisect the angles between any pair <if caiyugafe 
diameters. 

For, in a rectangular or equilateral hyperbola, 

CA = CB, 

and therefore, since CP»- CI^^CA^- CB^, 

CP=CD, 

CP, CD being any conjugate semi-diameters. 
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Al80» figure Art. (118), the parallelogram CPLD Is a 
rhombus, and therefore CL bisects the angle PCD, 

Cob. Supplemental chords are equally inclined to the 
asymptotes, for they are parallel to conjugate diameters. 



132. Pbop. III. J[f CY he the perpendicular from 
the centre on the tangent at P, the angle PCYis bisected 
by the transverse axis, and ha^f the transverse axis is a 
mean proportional between CYand CP, 



For the angle 



and 



PCL=DCL 
= YCL\ 
PCA^ACY. 




Hence it follows that the triangles PCN, TOY are 
similar, and that 

CY: CTi: ON : CP; 

.-. CY.CP=CT.CN=AC\ 
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133. Pbop. IV. Diameters at right angles to €ack 
other are equal. 

Let CP, CR be semi-diameters at right angles to each 
other, and CD coigiigate to CP. 

Then, if CL, CL' be the asymptotes, the angle 

P'CL'^PCL 

^DCL\ 

:. CP'^CD^CP. 

134. Prop. V. If the normal at P meet the axes in 
Gandg^ 

CN^NQ and PG^Pg^CD, 

CD being corrugate to CP, 

For, Art. (Ill), 

NG : CN:: BC* : AC*; 

/. NG = CN. 

Also PF.PG==BC^KadiPF.Pg=AC*\ 

.'. PG=Pg. 
Further, Art. (123), 

PG : CD :: BC : AC; 

.'. PG = CD. 

136. Prop. VI. If QF be an ordinate qf a diameter 
PCp, 

QV^=PV.Fp. 

For QF» : PF, Fp :: CD» : CP*, 

and CD=CP; 

QF^=PF. Fp = CF^-CP*. 



The Rectangular Hyperbola, 136 

136. Peop. VII. The angle heticeen a chord PQy and 
ttit tangent at P,u equal to the angle subtended by PQ 
€Mt the other extremity oft?ie diameter thrcmgh P. 

Let PQ and the tangent at P meet the asymptote in 
I and Z. Then, if CV be conjugate to PQ, 

the angle LPQ^PLG- VIG 

^Lcp-- va 
= rcp 
^QpP. 




Or thus, let QJ7 parallel to the tangent at P, meet CP pro- 
duced in U, 

Then QU*=PU. Tp, 

or, QU : PU :: Up : UQ. 

Therefore the triangles PQU, QUp are similar, and the angle 
QpU^PQCr^LPQ. 

137. Pbop. YIII. Any chord subtendgy at the endt 
qf any diameter^ angles which are eqiud or supple- 
tnesUary. 

This theorem divides itself into four cases, which arc 
shewn in the appended figures. 

Let QR be the chord, and Pp the diameter. Then, if 
LP be the tangent at P, fig. (1), the angle 

LPQ = QpP, 
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and LPB=EpP; 

.'. QPR^QpR. 




In fig. (2), i!tpl be the tangent at p, parallel to PL^ 
QpB^Qpl-^-lpR^Qpl+pPR, 




and QPR=QPL^LPR=QpP^LPRi 

:. QpR^QPR^lpP+LPp, 

that 18, QpR and QPR are together equal to two right 
angles. 



In fig. (3) 



QPB^QPL^LPp+pPR 
=-QpP+PpUlpR 
^QpR. 
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In fig. (4) 



and 



QPL^QpP, 
BPU:=RpP\ 
.\ QpR=QPL^RPr; 




X ^JR 



therefore QpB and QPR are together equal to two right 
angles. 

Hence it will he seen that when QB, or QB produced, 
meet the diameter Pp hetween P and p, the angles suh- 
tended at P and p are equal; in other cases they are 
supplementary. 

133. Pkop. IX. l^f a rectangular hpperbofa circum- 
scribe a triangle, it passes through the orthocentre. 

Note. Ths orthoeentre is the point qf intersection of 
the perpendiculars from the angular points on the oppo- 
site sides. 
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If O be the orthocentre, the triangles LOP^ LQR are 
similar, and 

LO : LP :: LQ : LR; 
/. LO.LR = LP.LQ. 




But, if a rectangular hyperbola pass through P, Q, R^ 
the diameters parallel to LR, PQ are equal : hence O is a 
point on the curve. 

139. Prop. X. 1/ a rectangular hyperbola circum- 
scribe a triangle, the locus qf its centre is the nine-point 
circle qfthe triangle. 

If PQR be the triangle, let L, L be the points in 
which an asymptote meets the sides PQ^ PR, 




R^ 



Join C, the centre of the hyperbola, with E and F^ the 
middle points of PR and PQ. 
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Then CF \a coiyugate to PQ^ and CE to PR; there- 
fore the angle 

FCE^FCL + L'CE 

^CLF^EUG 

=PLU+PL'L 

=FPE 

=FDE, 

if 2> be the middle point of QR, 

The circle passing through D, E^ F therefore passes 
through C; that is, C lies on the nine-point circle. 

A similar proof is applicable to the case in which the 
points P, Q, R lie on the same branch of the hyper- 
bola. 

140. The proof of Prop, (xxxiv), Art. (129), appears to fail 
in this case, since it dues not follow, when two diameters are 
equal, that they are equally inclined to the axes. 

It is however obvious that, if a circle intersect an hyperbola, 
either the four points of intersection are all on one branch of the 
curve, or there are two on each branch; on the other hand, 
of two conjugate diameters, or of two diameters at right angles, 
one meets the curve and the other does not. Hence if chords be 
drawn parallel to these diameters one chord will meet opposite 
branches, and the other will meet one branch only ; the cases 
are therefore distinct, and the proof holds good. 

Examples. 

1. A circle is described on the transverse axis as diameter. 
Prove that if any tangent be drawn to the hyperbola, the straight 
lines joining the centre of the hyperbola with the point of con- 
tact and with the middle point of the chord of intersection of the 
tangent with the circle, are inclined to the asymptotes at com- 
plementary angles. 

2. PCP is a transverse diameter, and Q 7 an ordinate ; shew 
that QV'is the tangent at Q to the circle circumscribing the tri- 
angle FQp, 
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3. If the taDgent at P meet the aaymptotes in L and Jf, 
and the normal meet the tranaverte axis in 0, a circle can be 
drawn through (7, X, M^ and (?, and LGM is a right angle. 

4. Find the locus of the middle point of a line cutting off a 
oonstant area from the ooraer of a square. 

5. If AA'he any diameter of a circle, PP* 9iaj ordinate to 
it, then the locus of the intersections of AP, A'P" is a rectan- 
gular hyperbola. 

6. If from the extremities of any diameter lines be drawn 
to any point in the curve, they will be equally inclined to the 
asymptotes. 

7. Given an asymptote and a tangent at a given pointy 
construct a rectangular hyperbola. 

8. If (7P, CD, and CP', CJy be two pairs of conjugate semi- 
diameters, prove that the angles PCP\ DCUt are equal. 

9. Focal chords parallel to conjugate diameters are equaL 

10. Focal chords at right angles to each other are equaL 

11. The points of intersection of an ellipse and aconfocal 
rectangular hyperbola are the extremities of the equi-conj agate 
diameters of tiie ellipse. 

12. If CP, CT> be conjugate semi-diameters, and PiV, DM 
ordinates of any diameter, the triangles PCN, DCM are equal in 
all respects. 

13. The distance of any point from the centre is a g^eome- 
trie mean between its distances from the foci. 

14. If P be a point on an equilateral hyperbola, and if the 
tangent at Q meet CP in T, the circle circumscribing CTQ 
touches the ordinate Q V conjugate to CP, 

15. If a circle be described on SS' as diameter, the tangents 
at the vertices will intersect the asymptotes in the circumference. 

16. If two concentric rectangular hyperbolas be described, 
the axes of one being the asymptotes of the other, they will 
intersect at right angles. 

' 17. If the tangents at two points Q, and Q'meet in T, and if 
CQ, CQ! meet these tangents in R and ^, the circle circumscrib- 
ing Pi,TItf passes through C, 
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18. If from a point Q in the conjugate axis Qi be drawn 
to the vertex, and Qi2 parallel to the transverse axis to meet the 
curve, Qfi^A^ 

19. Straight lines, passing through a given point, are 
bounded by two fixed lines at right angles to each other; find 
the locus of their middle points. 

20. Given a point Q and a straight line ii^, if a line Q(7P 
be drawn cutting ^^ in 0, and P be taken in it, so that PD 
being a perpendicular upon AB, CD may be of constant magni- 
tude, the locus of P is a rectangular hyperbola. 

21. Every conic passing through the centres of the four 
circles which touch the sides of a triangle, is a rectangular hyper- 
bola. 

22. Ellipses are inscribed in a given parallelogram, shew 
that their foci lie on a rectangular hyperbola. 

23. If two focal chords be parallel to conjugate diameters, 
the lines joining their extremities intersect on the asymptotes. 

24. If P, Q be two points of a rectangular hyperbola, centre 
O, and QN the perpendicular let fall on the tangent at P, the 
circle through 0, N^ and P will pass through the middle point of 
the chord P, Q. 

Having given the centre, a tangent, and a point of a rectan- 
gnlar hyperbola, construct the asymptotes. 

25. If a right-angled triangle be inscribed in the curve, the 
normal at the right angle is parallel to the hypothenuse. 

26. On opposite sides of any chord of a rectangular hyper- 
bola are described equal segments of circles ; shew that the four 
points, in which the circles, to which these segments beloDg, 
again meet the hyperbola, are the angular points of a parallelo- 
grauL 

27. Two lines of given lengths coincide with and move 
along two fixed lines, in such a manner that a circle can always 
be drawn through their extremities ; the locus of the centre is a 
rectangular hyperbola. 

28. If a rectangular hyperbola, having its asymptotes coin- 
cident with the axes of an ellipse, touch the ellipse, the axis of 
the hyperbola is a mean proportional between the axes of the 
eUipse. 



142 Examplea. 

29. 'Hie tangent at a point P of a rectangolar hjperboU 
meets a diameter QCi^ in T. Shew that CQ and TQ^ subtend 
equal angles at P, 

80. If il be any point in a rectangular hyperbola, ol which 
is the centre, BOC the straight line through at right angles 
to OA, D any other point in the cur?e, and DB^ DO parallel to 
the asymptotes, prove that a circle can be drawn through B, D, 
A, and C. 

31. The angle subtended by any chord at the centre is the 
■applement of the angle between the tangents at the ends of the 
chord. 

82. If two rectangular hyperbolas intersect mA, By C, D; 
the circles described on AB, CD as diameters iutei-sect each other 
orthogonally. 

83. Prove that the triangle, formed by the tangent at any 
point and its intercepts on the axes, is similar to the triangle 
formed by the straight line joining that point with the centre, 
and the abscissa and ordinate of the point. 

84. The angle of inclination of two tangents to a parabola is 
half a right angle ; prove that the locus of their point of inter- 
section is a rectangular hyperbola, having one focus and the cor- 
responding directrix coincident with the focus and directrix of 
the parabola. 

36. P is a point on the curve, and PM^ PN are straight 
lines making equal angles with one of the asymptotes ; if MP, 
NP be produced to meet the curve in P" and Q', then i^Q' passes 
through the centre. 

36. A circle and a rectangular hyperbola intersect in four 
points and one of their common chords is a diameter of the hyper- 
bola; shew that the other common chord is a diameter of the 
circle. 

37. AB\9Vk chord of a circle and a diameter of a rectan^lar 
hyperbola; P any point on the circle; AP, BPy produced if 
necessary, meet the hyperbola in Q, Q^, respectively; the point of 
intersection of BQ, AQ^ will be on the circle. 
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88. PP' is any diameter, Q any point on the curve, PiZ, 
F'Bf are drawn at right angles to PQ, FQ reepectively, inter- 
secting the normal at Q in R, Bf-, prove that Qfi and QBf ar« 
equal. 

39. Parallel tangents are drawn to a series of confocal 
ellipses ; prove that the locus of the points of contact is a rectan- 
gfular hyperbola having one of its asymptotes parallel to the 
tangents. 

40. If tangeuts, parallel to a given direction, are drawn to a 
flystem of circles paHsing through two fixed points, the points of 
contact lie on a rectangular hyperbola. 

41. The chords which subtend a right angle at a point P of 
the curve are all parallel to the normal at P. 

42. From the point of intersection of the directrix with one 
of the asymptotes of a rectangular hyperbola a tangent is drawn 
to the curve and meets the other asymptote in T : shew that CT 
is equal to the transverse axis. 

43. The normals at the ends of two conjugate diameters 
intersect on the asymptote, and are parallel to another pair of 
conjugate diameters. 

44. If the base AB of a triangle A BC be fixed, and if the 
difference of the angles at the base is constant, the locus of the 
vertex is a rectangular hyperbola. 

45. The locus of the point of intersection of tangents to an 
ellipse which make equal angles with the transverse and conjugate 
axes respectively, and are not at right angles, is a rectangular 
hyperbola whose vertices are the foci of the ellipse. 



CHAPTER VI. 
THE CYLINDER AND THE CONE. 

DSFINITIOir. 

141. If a straight line move so as to pass throogli the 
circumference of a given circle, and to be perpendicnlar 
to the plane of the circle, it traces out a surfEtee called a 
Right Circular Cylinder, The straight line drawn through 
the centre of the circle perpendicular to its plane is the 
Axi8 of the Cylinder. 

It is evident that a section of the surface by a plane 
' perpendicular to the axis is a circle, and that a section by 
any plane parallel to the axis consists of two parallel 
lines. 

142. Prop. I. Any section cf a cylinder hy a plane 
fwt parallel or perpend ictilar to the aods is an ellipse. 

If APA^ be the section, let the plane of the paper be 
the plane through the axis perpendicular to AFA\ 

Inscribe in the cylinder a sphere touching the cylinder 
in the circle EF and the plane APA' in the point 6*. 

Let the planes APA', EF intersect in XK, and from 
any point P of the section draw PK perpendicular to 
XK. 
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Draw through P the circular section QP, cutting ^P^ 
in PN, 80 that PN is at right angles to AA' and there- 
fore parallel to XK, 

Let the generating line through P meet the circle EF 
in 22; and join /SP. 

Then PS and PR are tangents to the sphere ; 

/. /SP=PE=EQ, 

But EQ : NX :: AE : AX 

:: SA : AX, 

and NX=PJr, 

.'. SP : PX :: aS4 : AX. 

Also, ^j^ being less than AX, SA is less than AX, 
and the curve APA' is therefore an ellipse, of which S is 
the focus and JTiTthe directrix. 

If another sphere be inscribed in the cylinder touching 
A A' in S\S^ is the other focus, and the corresponding 
directrix is the intersection of the plane of contact E'F 
with APA\ 

B. 0. S. XO 
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Producing the generating line RP to m«et the circia 
E'F' in -B' wo observe that S'P = PB\ and therefore 

SP-k-£rP=RR'=EE' 

^AE^AE' 

=AS-^A£r; 

and AS'=AE'=A'F=A% 

:.8P^S'P^AA\ 

The transverse axis of the section is AA^ and the con- 
jugate, or minor, axis is evidently a diameter of a drcolar 
section. 



143. Def. If be a fixed point in a straight line 
OE drawn through the centre i^ of a fixed circle at right 
angles to the plane of the circle, and if a straight line 
QOP move so as always to pass through the circumference 
of the circle, the surface generated by the line QOP is 
eallod a RigJU Circular Cone. 

The line OE is called the axis of the cone, the point 




is the vertew, and the constant angle POE is the seod- 
Tertical angle of the cone. 
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It is eyident that uij section by a plane peipendicular 
bo the axis, or parallel to the base of the cone, is a circle ; 
md that any section by a plane through the vertex consists 
3f two straight lines, the angle between which is greatest 
md equal to the vertical angle when the plain contains 
the axis. 

Any plane containing the axis is called a Principal 
Section. 

144. Prop. II. Ths icction of a cans by a plane, 
which is not perpendicular to the axis, and does not pass 
through the vertex^ is either an Ellipse, a Parabola, or 
an Hyperbola. 




Let (TAP be the catting plane, and let the plane of the 
paper be that principal section which is perpendicular to 
the plane UAP\ OF, OAQ being the generating lines 
in the plane of the paper. 

Let ^ £7* be the intersection of the principal section 
VOQ by the plane P^ 27 perpendicular to it, and cutting 
the cone in the curve AP, 

Inscribe a sphere in the cone^ touching the cone in the 

10-2 
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circle EFvtl^ the plane AP in the p<»it Sy and let XK 
be the interflection of the phines AP, EF. Then XK'vk 
perpendicular to the phine of the paper. 

Taking any point P in the carve, join OP catting the 
circle EF in -ft, and join SP, 

Draw through P the circular section (^PV cutting the 
plane ^P in PN which is therefore perpendicular to A^ 
and parallel to XK, 

Then, SP and PR being tangents to the sphere^ 

SP^PR^EQ\ 

and EQiNX :: AE : AX 

:: AS : AX, 

Also NX=PX', 

.-. SP : PKv.SA : ^JT. 

The curve -4P is therefore an Ellipse, Parabola, or Hy- 
perbola, according as SA is less than, equal to, or greater 
than AX, In any case the point /S' is a focus and the cor- 
responding directrix is the intersection of the plane of the 
curve with the plane of contact of the sphere. 

(1) If -4 Z7 be parallel to F, the angle 

AXE=^ OFE^ OEF=^AEX, 

and therefore 

SA^AE=AX, 

and the section is therefore a parabola when the cutting 
plane is parallel to a generating line, and perpendicular to 
the principal section which contains the generating line. 

(2) Let the line A U meet the curve again in the point 
^^n the same side of the vertex as the point A, 

Then the angle 

AEX=OFE 

7>FXA, 
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and therefore AE<zAX, 

that is SA<AX^ 

and the curve is an ellipse. 

In this case another sphere can he inscribed in the 
cone, touching the cone along the circle E'F' and touching 
the plane AP in S^, 

It may be shewn as before that S' is a focus and that 
the corresponding directrix is the intersection of the planes 
ET, AFA\ 

(3) Let the line UA produced meet the cone on the 
other side of the vertex. The section then consists of two 
separate branches. 

Also the angle AEX=A'FX 
'<AXF, 
and therefore AE>AX, 

that 18 AS>AX, 
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and the cnrre AP is one branch of an hjperbo]%, the oihr. 
branch being the section A'P". 




Taking P" in the other branch the proof is the same as 
before that 

Sr : P'JT :: SA : AX. 

In this case a sphere can be inscribed in the other 
branch of the cone, touching the cone along the drclo^^, 
and the plane UA'P' in S\ and it can be shewn that ^S* is 
the other focus of the hyperbola, and that the directrix is 
the intersection of the catting plane with the plane of con- 
tact j&'^'. 

Hence the section of a cone by a plane catting in ^U 
the principal section VOQ perpendicular to it is an Ellipse, 
Parabola, or Hyperbola, according as the angle EAJC is 
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greater than, equal to, or less than, the vertical angle of 
the cone. 

Further, it is obvious that, if any plane be drawn parallel 
to the plane APy the ratio of AE to AX hA always the 
same ; hence it follows that all parallel sections have the 
same eccentricity. 

145. This method of determining the focus and direc- 
trix was published by Mr Pierce Morton, of Trinity College, 
in the first Volume of the Cambridge Philosophical Trans- 
ctctions. 

The method was very nearly obtamed by Hamilton, who 
g^ve the following construction. 

First finding the vertex and focus, A and S, take AE 
along the generating line equal to AS, and draw the cir- 
cular section through E; the directrix will be the line of 
intersection of the plane of the circle with the given plane 
of section. 

Hamilton also demonstrated the equality of SP and 
JPB. 

146. F&op. III. To prove that, in the case qf an 
elliptic section^ 

SP-^S'P=AA\ 

Taking the 2nd figure, 

SP=PJi and S'P^^PRT; 

.'. SP^S'P^BR=^EE' 

^AE^-AE 

^AJS+AS'. 

But A'S'^A'F'^FV-A'F 

^EE'-AS, 

also A'S'+SS'=A'S; 

.\ 2A'S'-¥SS'=EE\ 

Similarly ZAS+JSS'^^EE"; 

/. A S'^AS, 

and AS'^A'S. 
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Hence SP-^S'P=AA% 

and the transTerae, or migor axis =EE\ 

In a similar manner it can be sheim tbat in an hyper- 
bolic section 



S'P-SP^AA. 



147. 



Prop. IT. To shew thatj in a parabolic section, 
PN^^AAS.AK 
Let A be the vertex of the section, and let AJ>J3 bo 
the diameter of the circular section through A. 




From 2> let fall JDS perpendicular to AN; 
Then PN^^QN.NQ 

= QN,AE 
=4NL,AD, 
if AL be perpendicular to NQ, 

But the triangles ANL, ADS being simOar, 
NL : AN :: AS : AD; 
:.NL.AD=AN.AS, 
and PN^=4AS.AN. 
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148. Pbop. Y. To shew thai^ in an eUiptic teetion, 
I^^* u to AN, NA in a constant ratio. 

Draw through P the circular section QPQ', bisect AA' 
in (7, and draw through C the circular section EBE'. 



i 


7 






-m/ (^1/ 


\t» 






A! 


ly \ 



Then QN : AN :: CB : AC, 

and NQ^ : NA' :: CJS' : A'G; 

:. QN.NQ^ : AN.NA' :: JEC. CE' : A(P, 
or PN^ : AN.NA' :: jrC7, CE' : ^C*; 

and, the transverse axis being AA\ the square of the semi- 
minor fixi&=BC^=EC, CE. 

Again, if ADF be perpendicular to the axis, AD=DF, 
and, AG being equal to CA% CD is parallel to A'F, 
and therefore CE'=FD=AD. 

Similarly, CE^A'jy, the perpendicular from A' on the 
axis; 

:.BC^=AD.A'iy, 
that is, the semi-minor axis is a mean proportional be- 
tween the perpendiculars from the vertices on the cuci^ qf 
the cane. 
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In exactly the same manner it can be shewn for an 
hyperbolic section, that 




FN* : AN. NA' :: CE . CE : AC^, 
and that CE^AD^ 

and CE'=^A'D\ 

Hence BC^^AD,A^iy, A A' being the transversa 
axis. 

We obserre also that the conjugate axis is equal to the 
tangent from C to the circular section passing through O. 

CoR. If Hy W be the centres of the two spheres, a 
circle can be drawn through AHA'H\ and it will be seen 
that the triangles ASH^ AH'I/ are similar, so that 

SH : Aiy :: AH : A'H' :: AD : S'H', 

and SH.S'ir=AD.A'iy\ 

.*. the semi-minor axis is a mean proporHimal between 
the radii qfthe spheres. 
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149. Prop. VI. Ths two straight lines in which a 
cone is intersected hy a plane through the vertex parallel 
to an hyperbolic section are parallel to the asymptotes qf 
the hyperbola. 

Taking the preceding figure, let the parallel plane cut 
the cone in the lines OG, OG^, and the circular section 
through C in the line GLG\ which will be perpendicular 
to the plane of the paper, and therefore perpendicular to 
£!^ and to OL. 

Hence GU^EL.E'L. 

But EL : EG :: OL : AC, 

and E^L : EC :: OL : AC\ 

.-. GU : EC.E'Cv, OL' : AC^, 

or GL : 0L\\ EC : AC\ 

therefore, Art (98), OG and OG' are parallel to the 
asymptotes of the hyperbola. 

Hence for all parallel hyperbolic sections, the asymp- 
totes are paraUel to each other. 

If the hyperbola be rectangular, the angle GOG' is a 
right angle; but this is eyidently not possible if the verti- 
cal angle of the cone be less than a right angle. 

When the vertical angle of the cone is not less than a 
right angle, and when GOG' is a right angle, LOG is half 
a right angle, and therefore 

OL^LG, 

and ^.OL'^OG^^OE^, 

and the length OL is easily constructed. 

Hence, placing OL, and drawing the plane GOG' per- 
pendicular to the principal section through OL, any section 
by a plane parallel to GOG' is a rectangular hyperbola. 

150. Pbop. VII. If ttDO straight lines he drawn 
through any point, parallel to two fixed lines, and inter- 
secting a given cone, the ratio of the rectangles formed by 
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the teffmmts qf the linet will be independent qf the pen- 
Hon qf the point. 

Thus, if through E, the lines EPQ, EP'Qf be drawn, 
parallel to two given lines, and cutting the cone in the 




points P, Q and P', C', the ratio of EP.EQ to EJ^. EQ 

is constant. 

Through draw OiT parallel to the given line to which 
EPQ is parallel, and let the plane through OK^ EBQ^ 
which contains the generating lines OP, OQ, meet the 
circular section through EiaR and Sy and the plane base 
in the straight line Df'K, cutting the circular base in D 
and P. 

Then Z>P£'and ERShmng sections of parallel planes 
by a plane are parallel to each other. 

Also, EPQ is parallel to OK; 

Therefore ERP, ODK are similar triangles, as are 
also ESQ, OFK\ 

.-. EP : ER :: OK : DJT, 

and EQ : ES :: OK : FK; 
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:.EP.EQ \ EB.ES :: OK^ : DK.FK 
:: OK^ : KT\ 

if KT be the tangent to the circular base from K, 

If a Himilar construction be made for EP*Q! we shall 
have 

EP". E(^ : ER.ES' :: OK'^ : K'T^. 

But ER.ES=ERf,ES'\ 

therefore the rectangles EP . EQ and EP' . E^ are each 
in a constant ratio to the same rectangle, and are therefore 
in a constant ratio to each other. 

Since the plane through EPQ, EP^Qf cuts the cone in 
an ellipse, parabola, or hyperbola, this theorem includes 
as particular cases those of Arts. (49), (76), (86), (119) and 
(129). 

The proof is the same if the point Pbe within the cone, 
or if one or both of the lines meet opposite branches of the 
cone. 

If the chords be drawn through the centre of the sec- 
tion PEP'^ the rectangles become the squares of the semi- 
diameters. 

Hence the parallel diameters of all parallel sections of a 
cone are proportional to each other. 

If the lines moye until they become tangents the rect- 
angles then become the squares of the tangents; therefore 
if a series of points be so taken that the tangents from 
them are parallel to given lines, these tangents are always 
in the same proportion. The locus of the point E will be 
the line of intersection of two fixed planes touching the 
cone^ that is, a fixed line through the vertex. 

Examples. 

1. Shew how to cut from a cylinder an ellipse whose eccen- 
tricity shall be the same as the ratio of the side of a square to Its 
diagonal. 

2. Shew how to cut from a cone an ellipse whose eccentricity 
is the ratio of one to two. 
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8. Find the least angle of a cone from which' it u possible to 
ent an hyperbola, whoie eccentricitj shall be the ratio of two 
to one. 

4. Shew that all sections of a right cone, made by planes 
parallel to tangent planes of the cone, are parabolas, and that 
the fod lie on a cone having with the first a common yertex and 



5. The centre of a spherical ball is moveable in & verUcal 
plane which is equidistant from two candles of the same height 
on a table ; find its locus when the two shadows on the ceiling are 
always just in contact. 

6. Prove that all sections of a cone by parallel planes are 
conies having the same eccentricity. 

7. Find the locus of the fod of the sections made by a series 
of parallel planes. 

8. Give a geometrical construction, by which a cone may be 
cut, so that the section may be an ellipse of given eccentricity. 

9. If two plane sections of a right cone be taken, having the 
same directrix, the foci corresponding to that directrix lie on a 
straight line which passes through the vertex. 

10. Different elliptic sections of a right cone are taken, 
having equal major axes ; shew that the locus of the centres of 
the sections is a spheroid, and determine in what cases it is oblate 
or prolate respectively. 

11. The vertex of a cone and the centre of a sphere inscribed 
within it are given in position: a plane section of the cone, at 
right angles to any generating line of the cone, touches the sphere : 
prove that the locus of the point of contact is a surface generated 
by the revolution of a circle, which touches the axis of the cone 
at the centre of the sphere. 

12. Given a right cone and a point within it, there are but 
two sections which have this point for focus; and the planes of 
these sections make equal angles with the straight line joining 
the given point and the vertex of the cone. 

13. If the curve formed by the intersection of any plane 
with a cone be projected upon a plane perpendicular to the axis; 
prove that the curve of projection will be a conic section having 
its focus at the point in which the axis meets the plane of 
projection. 
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14. An ellipie and an hyperbola are bo niuated that the 
vertices of each conre are the foci of the other, and the curves are 
in planes at right angles to each other. If P be a point on the 
ellipse, and Q a point on the hyperbola, 8 the vertex, and A the 
interior focus of that branch of the hyperbola^ then 

PQ+A8=^P8+AQ. 

15. The shadow of a ball is cast by a candle on an inclined 
plane in contact with the ball; prove that, as the candle bums 
down, the locus of the centre of the shadow will be a straight 
line. 

16. If sections of a right cone be made, perpendicular to 
a given plane, such that the distance between a focus of a section 
and that vertex which lies on one of the generating lines in 
the given plane be constant, prove that the transverse axes, pro- 
duced if necessary, of all sections will touch one of two fixed 
cuxdes. 

17. If the vertical angle of a cone, vertex F, be a right 
angle, P any point of a parabolic section, and PN perpendicular 
to the axis of the parabola, 

VP'=2AS+AN, 
A being the vertex and 8 the focus. 

18. If two cones be described touching the same two spheres, 
the eccentricities of the two sections of them made by the same 
plane bear to one another a ratio constant for all positions of the 
plane. 

19. If elliptic sections of a cone be made such that the 
volume betwesn the vertex and the section is always the same, 
the minor axis wiU be always of the same length. 

20. The vertex of any li^t circular cone which contains a 
given ellipse will lie on a certain hyperbola, and the axis of the 
cone will be a tangent to the hyperbola. 

21. Different elliptic sections of a right cone are taken such 
that their minor axes are equal; shew that the locus of their 
centres is the surface formed by the revolution of an hyperbola 
about the axis of the cone. 

22. ItO,Ehe the centres of the spheres inscribed in a cone^ 
snd touching a given section, the sphere described on CB as 
diameter will intersect the plane in the auxiliary circle of the 
section. 



CHAPTER VII. 

The Similarity of Conies, the Areas <^ Conia, and th€ 
Curvatures qf Conies. 

SIMILAR CONICS. 

151. Def. Conies which have the same eccentricity 
are said to he similar to each other. 

This definition is justified by the consideration that the 
character of the conic depends on its eccentricity alone, 
while the dimensions of all parts of the conic are entirely 
determined by the distance of the focus from the directrix. 

Hence, according to this definition^ all parabolas are 
similar curves. 

152. Peop. I. J[f radii be drawn from the vertices 
qf two parabolas making equal angles with the axes^ 
these radii are always in the same proportion. 

Let APf ap be the radii, PN and pn the ordinates, 
the angles PAN, pan, being equal. 



Then 


AN 


: an : 


: AP : ap, 


and 


PN 


:pn : 


:AP :ap. 


But 


PN^ 


pn^ : 


: AS,AN:as.an 




:, AP^ .: 


ap^ 


\AS,AP las.ap, 


or 


AP 


ap : 


I AS \ as. 



It can also be shewn that focal radii making equal 
angles with the axes are always in the same proportion. 

153. Prop. II. If two ellipses be similar their axes 
are in the same proportion, and any other diameters, 
making equal angles with the respective cuceSy are in the 
proportion of the axes. 
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liOt CA, CB be the semi-axes of one ellipse, ea, cb of 
the other, and CP, cp two radii such that the angle 
PC A = pea, 

Thon, since the eccentricities are the same^ we haye, 
if /9, « be foci, 

AC \SG wac \90\ 

:. AC^ : AC^-8C^ :: ac« : a(J*-«c», 

or AC^ : BC^ :: ac» : W. 

Hence it follows, if PN, pn be ordinates, that 

PN^ : AC*"CN* :: pn* : (u^-cn*; 

but, by similar triangles, 

PN :pn:: CN i en, 

therefore CN^ ; AC^- CN^ :: c»« : ac^-cn^i 

and CN^ : J(7* :: c»« : oc". 

Hence CP ; cp v. CN i en 

\\AC\ae. 

So also lines drawn similarly from the fod, or any other 
corresponding points of the two figures, will be in the ratio 
of the transTcrse axes. 

Exactly the same demonstration is applicable to the 
hyperbola, but in this case, if the ratio of 8C to ^(7 in 
two hyperbolas be the same, it follows from Art (98) 
that the angle between the asymptotes is the same m Im)Ui 
curves. 

In the case of hyperbolas we have thus a yery simple 
test of similarity. 

The Areoi hounded by Coniee. 

154. FiKv. III. Jl/ AB, AC be two ta/ngmU to a 
parabdoy the area between the curve and the chord BO i» 
two-thirds of the triafigle ABC, 

s. 0. s. 11 
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Draw the tangent DPE parallel to BCi tJiea 
AP^PN, 
and BC=2.DE; 

therefore triangle BPC= 2ADK 




Again, draw the diameter DQilf meeting BP in Mi 
By the same reasoning, FQG being the tangent paralld 

to BP, the triangle PQB=2FDG. 

Through F draw the diameter FBL, meeting^ PQ in 

L, and let this process be contmued indefinitely. 

Then the sum of the triangles within the parabola is 
doable the snm of the triangles without it. 

But, smoe the triangle BPGls half ABO, it is greater 
than half the parabolic area BQPC; 

Therefore, Eudid, Bk. zil, the difference between the 
parabolic area and the sum of the triangles can be made 
ultimately less than any assignable quantity ; 
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And, the same being true of the outer triangles, it 
follows that the area between the curve and BC is doable 
of the area between the curve and AB, AC, and is there- 
fore two-thirds of the triangle ABC, 

Cob. Since PN bisects every chord parallel to BC it 
bisects the parabolic area BPC; therefore, completing 
the parallelogram PNBU, the parabolic area BPN is two> 
thirds of the parallelogram UN. 

155. Prop. IY. 27ie area qfan ellipse U to the area 
of the auMiary circle in the ratio qf the corrugate to the 
transverse axis. 

Draw a series of ordinates, QPN^ Q^P'N\,.. near 
each other, and draw PEy QRf parallel to AC. 




Then, since 

PN : QN :: BC : AC, 
the area PN' : QN' :: BC : AC, 

and, this being true for all such areas, the sum of the 
parallelograms PN' is to the sum of the parallelograms 
QN'bsBC to AC. 

But» if the number be increased indefinitely, the sums 
of these parallelograms ultimately approximate to the 
areas of the ellipse and circle. 

Hence the ellipse is to the circle in the ratio of BC 
to AC. 

The student will find in Newton's 2nd and 3rd Lemmas 
{Prineipia, Section i.) a formal proof of what we have 

11-2. 
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here Mtomed as raffidently obrions, that the sum of the 
parallelograms PN is uldmately equal to the area of the 
ellipse. 

15«. Pbop. V. 1/ P, Q he two points of an hyper- 
bola, and if PL, QM parallel to one asymptote nuet the 
other in L and M, the hyperbtdie sector CPQ i$ equal to 
i/te hyperbolic trapezium PLMQ, 




For the triangles CPL, CQM are equal, and, if PL 
meet CQ in By it follows that the triangle CPR=ihe 
trapezium LRQM \ hence, adding to each the area RPQ 
the theorem is pro?ed. 

167. Prop. VI. Jf points Z, M, N, K be taken in an 
asymptote qfan hyperbola, such that 

CL : CM :: CN : CE:, 
and if LP, MQ, NR, KS, parallel to the asymptote, meet 
the curve in P, Q, i2, S, the hyperbolic area» CPQ, ORS 
wUl be equal. 

Let QR and PS produced meet the asymptotes in F, 
F,G,G'', 

then RF=-QF' laid SG=PG\ Art (116); 
.-. NF= CM and STG = CL, 
Hence J^F : KG :: CM : CL 

CK : CN 
RN : SK, 
aud therefore SP is parallel to QR, 
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The diameter C17F oonjagate to PS bisects all chords 
parallel to PS, and therefore bisects the area PQRS ; 




also the triangle CP r = CSV, 

and CQU=^CUR; 

therefore taking from CPV and CSV the equal triangles 
CQB, CRU, and the equal areas PQUV, SRUV, the 
remaining areas, which are the hyperbolic sectors CPQ, 
CRS, are equal 

Cob. Hence if a series of points, L, If, iV,... be taken 
such that CL, CM, CN, CK,.,. are in continued proportion, 
it follows that the hyperbolic sectors CPQy CQR, CRS, &a 
will be all equal. 

It win be noticed in this case that the tangent at Q 
will be parallel to PR, the tangent at R parallel to QS, 
and so also fur the rest 

The Curvature qf Conies. 

168. Dbf. If a circle touch a conic at a point P, and 
pass through another point Q of the conic, and if the point 
Q move near to, and ultimately coincide with P, the circle 
in its ultimate condition is called the circle of curvature 
at J?. 
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Pbop. VII. 7%« chord qf inUnection qf a conic 
with the circle of curvature at any point is inclined <o 
the cueie at the eame angle at a tangent at the point. 

It has been shewn that, if a circle interaect a conic in 
four points P, Q, B, F, the chords PQ, RV are equally 
inclined to the axis. 

Let P and Q coincide with each other ; then the tan- 
gent at P and the chord RV are equally inclined to the 
axis. 

Let the point Fnow approach to and coincide with P\ 
the circle becomes the circle of cnryatnre at P^ and the 
chord VR becomes PR the chord of intersection. 

Henoe PR and the tangent at P are equally inclined 
to the axis. 

169. Piop. VIIL If the tangent ait any point P qf 
a parabola meet the axit in T, and if the circle of cur- 
vature at P meet the curve in Q, 

PQ=^.PT. 

Draw the ordinate PNP; then taking the figure of 
the next article, TP is the tangent at P", and the angle \ 
P'TF=PTF=PFT; therefore PQ is parallel to TF, 
and is bisected by the diameter P'E. 

Hence PQ=2.PE=4PT 

=4PT, 

160. Prop. IX. To find the chord qf curvature 
through the focus and the diameter of curvature at any 
point qf a parabola. 

liCt the circle meet PS produced in F, and the normitl 
PG, produced, in O. 

The angle PFS= PTS^ 8PT i 

=peF, 

since PTis a tangent to the circle. I 

Therefore Q F is parallel to the axis, ■ 

and PV : SP ;; PQ : PF. \ 
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Hence FV=4.SP. 

Asain, the angle POQ==PVQ^PSN; 
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.-. PO : PQ :: SP : PIT, 
or PO : JSP :: 4Pr : PiV 

:: 4SP : iS'F, 
if SYhe perpendicnlar to FT. 

Cob. 1. Since the normal bisects the angle between 
SP and the diameter through P, it follows that the chord 
of cnrvatnre parallel to the axis is 4SP. 

Cob. 2. The diameter of curvatare, PO, may also be 
expressed as follows : 

Let GL be the perpendicular from G on SP; then PL 
a the semi-latos rectum =2^/S^. 

Also P FO being a right angle. 



PO :PG 



PVi 

4SP 

4SP, 



PL 
:PL 
PL : 



PZI, 



168 (hurwiJtwn. 

bat 4SP.PL^SSP.A8^%SY^^2PGP; 

.'. PO I pa :: 2PG» : PZ». 

161. Pbop. X, If the chord of inteneeHan, PQ, <^ 
an tUipw, or hyperbola, with the circU qf curvature at P, 
meet CD^ the Hmirdiameter cov^ugaU to CP, in K^ 
PQ.PK^2CD\ 




Drawing the ordinate PNP\ the tangent at P' is 
parallel to PQ, as in the parabola, and' PQ is therefore 
bisected in F, by the diameter CP', 

'Let PQ m^t the axes in IT and U' ; then, TZ^C being 
parallel to PP'y 

PV : PU' :; VP" : CP' 

:: UT : CT, 

since PU, P'T are parallel 

Also UT : CT :; PU : PE^; 

:. PV : PU' :: PU : PK. 

Hence PV.PK^PU .PU'^PT .PT^CD\ 

observing that PU^PT, and PU'=PT\ by the theorem 

of Art (168); . 

and /. PQ . PK=2CI^. 



Cwnfoiwre. 
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162. Prop. XI. If the chord of curvature PC, of an 
ellipse or hyperbola in any direction, meet CD in K\ 
P(X.PK'^2.CDK 




170 (Jwvaiure. 

Let PO be the diameter of cnrratare meeting CD in 
F\ then PQQ^ PQfO are right angles^ and a circle can be 
drawn through QfK'FO ; 

..PQ^.PK'^PF.PO 

^PK . PQ^2 . CL^. 
Cob. 1. Hence PO being the diameter of curTatare, 

Cob. 2. If PQ' pan through the focns^ 
PK'^AO, 
and Pqf . AC^2 . CJD^. 

Cob. 3. If PQf pass through the centre, 
PQf . C7P=2 . CI^. 

163. We can also express the diameter of coryatiire 
as follows : 

PG being the normal, let OL be perpendicular to 8P, 
and let PR be the chord of curyature through S. 

Then GL is parallel to OR, 

and PO : P6? :: Pi2 : PL 

;: PR. PL I PL\ 

But Pi2.^(7=2.CI>«; 

/. PR: AC v, 2, CD' X AC^ 

::2.P0^ : 5C^, 

and PR. PL I AC. PL :: 2 . PG^ : 5C« 

But, PL being equal to the semi-latus rectum, 

PL.AC^BC^i 

.-. PR . PL=2 . PG*, 

and PO : P6? :: 2PQ^ : PZ«. 

Hence, in any conic, the radius of curvature at any 
point is to the normal at the point as the square qf the 
normal to the square qfthe semi-latus rectum. 
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EXAMPLES. 

1. The nuHtw of cnnrature at the extremity of the latos 
rectum of a parabola k equal to twice the normal 

2. The cirole of cunrature at the end of the latai rectum in- 
tersects the parabola on the normal at that point. 

3. The chord of curvature at a point P in the parabola 
paacdng through the vertex ^ ia to 4Pr :: PY : AP. 

4. The cirole of curvature at a point P in a parabola cuts 
off from the diameter at P a portion equal to the parameter of 
that diameter. 

5. P and p are points on a parabola on the same side of the 
axis ; PN and pn are perpendiculars on the axis ; the normals at P 
and p meet at a point Q : shew that the distance of Q from the 
axis is to 2 . PN in the ratio of the rectangle pn (PN+pn) to the 
square on the latus rectum. 

Deduce an expression for the radius of curvature at any point 
of a parabola. 

6. If P be a point of an ellipse equidistant from the axis 
minor and one of the directrices, prove that the circle of curvature 
at P will pass through one of the focL 

7» The chord of curvature through the focus, at any point, is 
equal to the focal chord parallel to the tangent at the point. 

8. P^ve that the locus of the middle points of the common 
chords of a given parabola and its circles of curvature is a para- 
bola, and that the envelope of the chords is also a parabola. 

9. The eireles of curvature at the extremities P, D of two 
conjugate diameters of an ellipse meet the ellipse again in Q, i2, 
respectively, shew that PR is parallel to DQ. 

10. In the rectangular hyperbola, the radius of curvature at 
a point P varies as C7P*. 
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11. The tftngent at a point P of an eOipM whoue centre is C 
meet! the axei in T and t\ if CP produced meet in X the dido 
described aboat the triangle TCU ihew that PL is half the chord 
of curyatore at P in the direction of C, and that the rectangle 
contamed by CP^ CL^ is oooatant. 

12. If P be a point on a conic, Q a point near it, and if Qf^ 
perpendicular to PQ,' meet the normal at P in E, then ulti- 
mately when Q coincide! with P, PB ii the diameter of cnnra- 
tureatP. 

18. Prove that the nltimate point of interMotion of eouBe- 
outive normab ii the centre of carvatnie^ 

14. If a tangent be drawn from any point of a parabola to 
the oirde of eorvatore at the ▼ertez, the length of the tangent 
will be equal to the abedeia of the point meaiored along the 



15. The drde of cunratore at a point where the conjugate 
diametere are equal, meets the ellipse again at the extremity of 
the diameter. 

16. Find the points at which the radius of curvature is a 
mean proportional between the semi-major and semi-minor axes 
of an ellipse. 

17. The chord of curvature at P perpendicular to the major 
axis ii to PM, the ordinate at P, :: 2 . (72>> : BG^. 

18. Prove that there Im a point P on an ellipse such that if 
the normal at P meet the ellipse in Q, P<2 is a chord of the 
circle of curvature at P, and find its position. 

19. If SP be the focal distance of a point P of a pnraboU, 
and iSQ, perpendicular to 5P, meet the normal at P in Q, PQ is 
half the radius of curvature at P. 

20. The chord of curvature at a point P of a rectangular hyper- 
bola, perpendicular to an asymptote, is to CD :: CD : 2 . PNy 
where PN is the distance of P from the asymptote. 

21. If (7 be the foot of the normal at a point P of an ellipse, 
and OK, perpendicular to PQ, meet CP in K, then KE^ parsillel 
to the axis minor, will meet PQ in the centre of curvature at P. 
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22. If the normal at a point P of a parabola meet the 
directrix in X, the radius of curvature at P is equal to 2 . PL, 

23. The normal at any point P of a rectangular hyperbola 
meets tbe curve again in Q; shew that PQ is equal to the 
di&meter of curvature at P. 

24. In the rectangular hyperbola, if CP be produced to Q, 
so that PQ = CP, and QO be drawn perpendicular to CQ to 
intersect the normal in 0, ia the centre of curvature at P. 

25. If 8 and ff be the foci of an ellipse, B the extromity of 
the axis minor, a circle described through 5, £f and B, wUl cut 
the minor axis in the centre of curvature at B. 

26. The tang^it at any point P in an ellipse, of which S 
and H are the foci, meets the axis major in T, and TQR bisects 
JJP in Q and meets iSP in i2 ; prove that PB is one-fourth of the 
chord of curvature at P through S, 

27* An ellipse, a parabola, and an hyperbola, have the 
•ame vertex and the same focus ; diew that the curvature, at the 
vertex, of the parabola is greater than that of the hyperbola, and 
leas than that of the ellipse. 

28. The circle of curvature of an ellipse at P passes through 
the focus 8, and 8E is drawn parallel to the tangent at P to meet 
in £ the diameter through P ; shew that it divtdee the diameter 
in the ratio of 3 : 1. 

29. The circle of curvature at a point of an ellipse cuts the 
curve in Q; the tangent at P is met by the other common 
tangent, which touches the curves at E and Ft in T; if PQ 
meet TBF in 0, TEOP is cut harmonically. 

80. If the common tangents to an ellipse and a concentric 
circle are parallel to the common diameters, prove that the areas 
of the ellipse and circle are equal. 



CHAPTER VIII. 
PROJECTIONS. 

164. Dbf. The projection of a point on a plane is 
the foot of the perpencUcolar let fall from the point oo 
the plane. 

If from all points of a given curve perpendicnlars be 
let &11 on a plane, the carve formed by the feet of the 
perpendiculars is the projection of the given curve. 

The projection of a straight line is also a straight line^ 
for it is the line of intersection with the given plane of 
a plane through the line perpendicular to the given 
pbme. 

Parallel straight lines project into parallel lines, for the 
projections are the lines of intersection of parallel planes 
with the given phua 

165. Pbop. I. Parallel straight lines, of finite lengths, 
areprqfeeted in the same ratio. 

That is, if ab, pq be the projections of the parallel 
lines AB, PQ, 

ab I AB :\pq I PQ. 

For, drawing AG parallel to ah and meeting Bb in C, 
and PR parallel to pq and meeting Qq in R, ABC and 
PQR are similar triangles ; therefore 

AC : AB :: PR : PQ, 

and AC^ah, PR^^pq. 

166. Prop. II. Ths projection qf the tangent to a 
curve €U any point is the tangent to the prqjecHon of the 
curve at the prqfection of the point. 
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Por ifp, 9 bo the projections of the two points P, Q of 
a dure, the line pg is the projection of the line PQ, and 
when the line PQ turns round P until Q coincides with P, 
PQ turns round p until q coincides with p, and the ultimate 
pcMsition of pq is the tangent at p. 

167. Prop. III. The prqfeetion qf a circle is an 
ellipse. 

Let dbaf be the projection of the circle ABA', 




Take a chord PQ parallel to the plane of projection, 
then its projection j9^s=PQ. 

Let the diameter ANA' perpendicukr to PQ meet 
in F the plane of projection, and let oafF be the pro- 
jection of AA'F. 

Then aa' bisects pq at right angles in the point % and 
an : AN :: aF : AF, 
a'n : A'N :: aF : AF; 
/. AN. NA' : an . nal :: AF^ : aF^; 
but AN . NA'=PN^:=^pn\ 

.\pn^ '. an.naf V. AF^ : aP*, 
and the cunre apaf is an ellipse, having its axes in the 
ratio of 

aF : AF, or of oaf : AA\ 
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^cveoretr, Bince we oui place the circle so ms to make 
the ratio of aa' to AA' whatever we please, an ellipse (A 
any eccentricity can be obtained. 

In this demonstration we have assumed anlj the 
property of the principal diameters of an ellipse. Propertieg 
of other diameters can be obtained by help of the pre- 
ceding theorems, as in the following instances. 

1C8. Pbop. IY. The locus qf the middle painte qf 
parallel chords qfan ellipse is a straight line. 

For, projecting a circle, the parallel chords of the 
ellipse are the projections of parallel chords of the circle, 
and as the middle points of these latter lie in a diameter 
of the circle, the middle points of the chords of the ellipse 
lie in the projection of ihe diameter which is a straight 
line, and is a diameter of the ellipse. 

Moreover, the diameter of the circle is perpendicular 
to the chords it bisects ; hence 

Perpendicular diameters of a circle project into con- 
jugate diameters qfan ellipse. 

169. Pkop. V. if two intersecting chords qf an 
ellipse he parallel to fixed lines^ the ratio qf the rectangles 
contained by their segments is constant. 

Let OPQ, ORS be two chords of a circle, parallel to 
fixed lines, and opq^ ors their projections. 

Then OP . OQ is to oj? . o^ in a constant ratio, and 
OB . OS IB to or . o« in a constant ratio ; but 
OP.OQ=OR.OS. 

Therefore op . og is to or . o« in a constant ratio; and 
opq, ors are parallel to fixed lines. 

170. Pkop. VI. 1/ qvq" be a double ordinate qf a 
diameter cp, and if the tangent at q meet cp pro- 
duced in t, 

C9 . Ct=CJI^. 

The lines qv^ and cp are the projectkAis of a chord 
QVQ! of a circle which is bisected by a diaBseter GP, and 
t is the projection of T the point in which the taaigait at 
Q meets CP produced. 
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Bat» in tbe oircle, 

CF.CT^CP', 
or CFiCP ::CP :0T; 

and, these lines being projected in the same ratio^ it 
follows that 



or 



cv I cp iz cp I Cif 
ev , ct=ep^. 



Hende it follows that tangents to an ellipse at the ends 
of any chord meet in the diameter conjugate to the chord. 

The preceding will serve as sufficient illustrations of 
the application of the method. 

171. Feop. YII. An eUipte can be prqfected into a 
circle. 

This is really the converse of Art (167)} but we give 
a constrootion for the purpose. 




Draw a plane through AA\ the transverse axis, per- 
pendicular to the plane of the ellipse, and in this plane 
describe a circle on A A' as diameter. Also take the chord 
AD, equal to the conjugate axis, and join A'D, which is 
perpendicular to AD, 

Through AD draw a plane perpendicular to A'D, and 
project a principal diord PNP' on this plane. 

B.as. 12 
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Then PN* : AN. NA :: BO^ : A(P. 
Bat PN^pn, 

An : AN :: AD : AA' 
:: BC : -4(7, 
and 2)» : ^W :: ^(7 : AC. 

Henco ^» . nD : -4JV . iV:4' :: BC^ : -4(7» 
and therefore pn^=^An . nZ), 

and the projection ApD is a circle. 

This theorem, in the same manner as that of Art. (167)> 
may be employed in deducing properties of oblique dia- 
meters and oblique chords of an ellipse. 

172. Fkop. YIL The projection qf a parabola it a 
parabola. 

For if PNP' be a principal chord, bisected by the axis 
^iV, the projection pnj/ will be bisected by the pro- 
jection an. 

Moreover pn : PN will be a constant ratio, as also 
will be an : AN, 

And PN^=4AS.AN, 

Hence pn^ will be to 4AS . an in a constant ratio, and 
the projection is a parabola, the tangent at a being parallel 
to pn, 

173. Pnop. VIII. An hyperbola can he always pra- 
jected into a rectangular hyperbola. 

For the asymptotes can be projected into two straight 
lines cl^ cV at right angles, and if PJf, PN be parallels to 
the asymptotes from a point P of the curve, PM , PN is 
constant. 

Buti>m : PJf and j9» : PiV are constant ratios; 
.*. pm , pn is constant 

And since pm and pn are perpendicular respectively 
to d and cVy it follows that the projection is a rectangular 
hyperbola. 

The same proof evidently shews that any projection of 
an hyperbola is also an hyperbola. 

The explanations of this chapter apply to a pairticular 



IxampteB. 179 

oase only of the generftl method of projections; in strict- 
ness we should have defined the method as the method of 
orthogonal projections 



EXAMPLES. 

1. Prore by the method of projections the theorenui ol Arte. 
66, 70, 71. 73, 74, 76, 77, 78, 81, 83, 84, and 66. 

2. A parallelogram is inscribed in a given ellipse ; shew that 
its sides are parallel to conjugate diameters, and find its greatest 



3. TP, TQ are tangents to an ellipse, and CP', CQf are 
parallel semidiameters ; PQ is parallel to P'Q'. 

4. Determine the greatest triangle which can be inscribed 
m ao ellipse having an angular point fixed at a poiut in its peri- 
meter. 

5. If a straight line meet two concentric, similar, and simi- 
larly situated ellipses, the portions intercepted between the curves 
are equaL 

6. Find the locus of the point of intersection of the tangents 
at tlie extremities of pairs of conjugate diameters of an ellipse. 

7. Find the locus of the middle points of the lines joining; 
the extremities of conjugate diameters. 

8. If a tangent be drawn at the extremity of the major axis 
meeting two equal conjugate diameters CP, CD produced in T 
and t; then PD'^ =2A2\ 

9. If a chord AQ drawn from the vertex be produced to 
meet the minor axis in 0, and CP be a semidiameter parallel to 
it, then AQ.A0=^2CP^. 

10. OQ, OQ! are tangents to an ellipse from an external 
point O, and OR is a diagonal of the parallelogram of which OQ^ 
OQ, '^^ adjacent sides ; prove that if i2 be on the ellipse, will 
lie on a similar and similarly situated concentric ellipse. 

12—2 
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11. A pftrallalograiii ii inaoribed in an ellipse, and firom aaj 
pQint on the eUipsa two straight linee are drawn parallel to th« 
tidee of the parallelogram ; prove that the rectangles under the 
•egments of these straight lines, made bj the rides of the paral- 
itlpgram, will be to one another in a constant ratio. 

12. A parallelogram cironmscribeH an ellipse, tonehing fh« 
ennre at the extremities of conjugate diameters, and another 
parallel'^gnim is formed by joining the points where its diagonali 
meet the ellipse : prove that the area of the inner parallelograoi 
is half thai of the outer one. 

If four similar and similarlj ritnated ellipses be inscribed 
in the spaces between the outer parallelogram and the curve, 
prove that their centres lie iu a rimilar and similarly situated 
ellipse. 

18. If a parallelogram be inscribed in an ellipse, so that the 
diameter binectinq^ two opposite rides is always divided by either 
aide in a constant ratio, its area will be constant 

14. If a parallelogram dreumseribe an ellipse, and if one of 
its diagonals bear a constant ratio to' the diameter it contains, 
the area of the parallelogram will be constant. 

15. About a giren triangle PQR is circumscribed an ellipse, 
haying for centre the point of intersection (C) of the lines from 
P, Q, R bisecting the opposite rides, and PC, QO^ RC are pro- I 
duced -to meet the curve in P', Q\ Rf ; shew that, if tangents be i 
drawn at these points, the triangle so formed will be similar to 
PQR, and four times as great. j 

16. r The locus of the middle points of all chords of an ellipse | 
which pass throagh a fixed point is an ellipse rimilar and simi- i 
larly situated to the given ellipse, and with its centre in the ' 
middle point of the line joining the given point and the centre of | 
the given ellipse. I 

17. Prove that an ellipse can be inscribed in a parallelogram 
so as to touch the middle points of the foar sides, and that it it 
the greatest of all inscribed ellipses. 

18. A polygon of a given number of sides circumscribes an 
ellipse. Prove that, when its area is a minimum, any ride ii 
parallel to the line joining the points of contact of the two 
adjacent rides. 
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19. Th% greatest triangle wbich can be inscribed iu an 
ellipse has one of its sides bisected by a diameter of the ellipse^ 
stnd the others cat in points of trisection bj the conjugate dl** 
meter. 

20. il^ is a given chord of an ellipse, and C any point in 
the ellipse ; shew that the locus of the point of intersection of 
lines drawn from il, ^, C7 to the middle points of the opposite 
■idea of the triangle ABC is a similar ellipse. 

21. CPt CD are conjugate semidiameters of an ellipse ; if 
an. ellipse, similar and similarly situated to the given ellipse, be 
described on PD as diameter, it will pass through the centre of 
the given ellipse. 

122. If an hyperbola and its conjugate are described having 
a pair of conjugate diameters of an ellipse for asymptotes, and 
cutting the ellipse in the points a, 5, c, d taken iu order, shew 
that the diameters Oa, Oc, and Ob, Od are conjugate diameters 
in the ellipse ; and also that Oa, Od, and Ob, Oc are conjugate 
diameters in the hyperbolas. 

23. PTt pt are tangents at the extremities of any diameter 
Pp of an ellipse ; any other diameter meets PT in T and its con- 
jugate meets pt in t; also any tangent meets PT in P and pt in 
«'; shew that PT : PT* :: pt' : pt, 

24. From the ends P, D of conjugate diameters of an ellipse 
lii&es are drawn parallel to any tangent line ; from the centre C 
any line is drawn cutting these Unes and the tangent in p, d, t, 
respectively ; prove that 

Cp^+Cd*^C^. 

25. If CP, CD be conjugate diameters of an ellipse, and if 
£P, BD be joined, and also AD, A'P, these latter intersecting 
in Oi the figure BDOP will be a parallelogram. 

26. 2* is a pomt on the tangent at a point P of an ellipse, so 
that a perpendicular from T on the focal distance 8P is of constant 
length; shew that the locos of 2* is a simihir, similarly situated 
and oonoentrio ellipse. 



CHAPTER IX 
OP CONICS IN GBNBRAL. 



The Comtruction qf a Conic 

174. The method of constraction, given in Chapter I^ 
can be extended in the following manner. 

Let fSn be any straight line drawn through the focus 




S^ and draw Ax from the vertex parallel to JjS^ and meet- 
ing the directrix in x. 

Pivide the lineyAS'n in a and a^ so that 

Sa : qf:: Sq^ : a'/ :: SA : Ax; 
then a and a' are points on the curve, for if iiik be the per- 
pendicular on the directrix, 

ak \ of w AX : Ax^ 
and therefore 8a \ ak w SA : AX» 
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Take imy point e in the directrix, draw the iinet eSl, ea 
tbrongh jS' and a, and draw SP making the angle PSi 
equal to ISru 

Through P draw FPl parallel to fSf, and meeting eS 
prodnced in ^ 

then Pl=SP, 

and PI : PF :: Sa : qf; 

.'. SP : PF :: Sa :qf, 
and SP :PE :: Sa :ak; 

therefore P is a point in the curva 

The other point of the cnnre in the line FP may be 
found as in Art 9. 

175. The •onstmetion for the point (a) giTM a timple proof 
that the tangeot at the vertex is perpcndiealar to the axii. For 
when the angle AS($ is diminished, Sa approaches to equality 
with SAf and therefore the angle <kAS in ultimately a right 
angle. 

176. Prop. I. To find the points in which a given 
Hraiffht line is intersected by a conic qf which the foeus^ 
the directrix, and the eccentricity are given. 
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Let FPP' be the ttraiglit line, and draw Ajc panU 
to it Join FS, and And the points D and E sach that 
SD : DF :: SB : EF :: SA : Ax. 

Describe the circle on DE as diameter, and let it iatCT- 
sect Uie given line in P and jP. 

Join DP, EP and draw SG, FH2X right angles to EP. 

Then DPE, being the angle in a semicircle, is a right 
angle, and DP is parallel to SG and FH. 

Hence SG x FH :: SE : EF 

:: SD : DF 

:: PG^ : P^; 
therefore the angles SPG^ FPH are equal, and therefdnre 
PD bisects the angle #SPP. 

Hence SP : PF :: SD : DF :: >S4 : Ax, 
and P is a point in the curve. 

Similarly P^ is also a point in the curve, and the per- 
pendicular from O, the centre of the circle, on FPI^ meets 
it in Ff the middle point of the chord PP", 

Since SE : EF :: SA : Ax 

and iSZ) : DF :: iS'^ : Ax; 

.'. SE'-SD : 7>^ :: SA : w4a?, 
or SO : Oi> :: /S4 : Ax, 

a relation analogous to 

SC :AC :: iS'J : AX. 

We have already shewn, for each conic, that the middle 
points of parallel chords lie in a straight line; the following 
article contains a proof of the theorem which includes all 
the three cases. 

177. Peop. II. To find the locus of the middle pointi 
qfa system of parallel chords. 

Let P'P one of the chords be produced to meet tbe 
directrix in F, draw Ax parallel to PP, and divide FS so 
that 

SD : DF :: SE : EF :: SA : Ax; 
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then, as in the preceding article, the perpendicular OF 
upon jPP' from the middle point of DE, bisects PjP. 

I>raw the parallel focal chord aSa\; then Oc parallel to 
the directrix bisects oa' in e. Also draw SG perpendicular 
to the chords, and meeting the directrix in G, 




Then, if OF meet aa' in n, 

Vn : nO :: SF : SO, 
:: iSr : ^c, 
and, since ncO, SGf are similar triangles, 
nO : nc :: iSG^ : J^; 
/. Fn : nc:: SG : Sc, 
and the line Vc passes through ^. 

The straight line Gc is therefore the locus of the mid- 
dle points of all diords parallel to aSa\ 

The ends of the diameter GC may be found by the con- 
structioi^ of the preceding article* 
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Cob. When the eonic 18 a parabola, <8/<=^Xy 



and 



Sa 



So 



and 



Hence 



ae 

Se 



of :: AX 

:: SX\ 
df :: SX : 
; ac :: SX : 
:i^:: SX 
: </ :: SX^ 



Ax 
Sf. 
SIfl 

«^ 

:: GX.J/; Qf.fX 
:: GX : Gf, 

and iheroforo Gc is parallel to /SX, that is, the middle 
points of parallel choids of a parabola lie hi a straight line 
parallel to the axis. 




178. Pbop. III. 7bjlndt7ieloeu9qfthsmida$pointi 
(ifaU/oeal chords (^a conic 

Taking the case of a central eoiuc, and refbufng to the 
figore of the preceding artide, let Oe meet BOitk N; 
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then eNiNS ::/X : .S^X, 

and cN:NC ::GX :CX; 

.'. cIP : SN. NO ::fX. GX : SX. OX 

:: SX* iSX.CX. 

Hence it follows that the locos of c is an ellipse of 
which SC is the transverse axis, and such that the squares 
of its axes are as SX : CX, or, Cor. Art. (69), as 

Hence the locus of <; is similar to the conic itself. 

EXAMPLES. 

1. If an ordinate, PNP', to the trangyene axis meet the 
tangent at the end of the latut rectum in T, 

TP.TP^SNK 
Shew also that SP= TN. 

2. A focal chord PS^ of a conic section is prodaoed to 
meet the directrix in iT, and KM, KN are drawn through the 
feet of the ordinates PM, QN of P and Q. If KN produced 
meet PN produced in Ry prove that 

PR:^PM. 

8. Focal chords of an ellipse or hyperbola are in the ratio 
■of the squares on the parallel diameters. 

4. The tangents at P and Q, two points in a oonic, mter- 
sect in 2*; if through P, Q^ chords be drawn parallel to the 
tangents at Q and P, and intersecting the conic in p and q 
reepectivelj, and if tangmts at p and q meet in T, shew that Ti 
is a diameter. 

5. Two tangents TP, TQ am drawn to a conic intersecting 
the directrix in P', Q'. 

If the chord PQ cut the directrix in R, prove that 

SP' : 5Q' :: RP" : m. 

6u Tangents from a point T touch the curve at P and Q ; if 
PQ meet the directrices inRtLndR^, PR and QBf subtend equal 
angles at T« 
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7. The chord of a eoaio PP* meets the directrix in K^ ud 
the tangente at P and P' meet in T; if RKR\ parallel to ST, 
meet the taogeoto in R and Rf^ 

KR^KR. 

8. The tnngents at P and P', intenecting in I*, meet the 
latuB reetum iu J> and />' ; prove that the lines throngh D and 
J>\ reepectivelj perpendicular to SP and SF^ intersect in ST* 

9. PSP* is a focal chord ; shew that any line through S is 
divided harmonically by the directrix and the tangents at P and 
F. 

10. Having given a focns, a tangent, and the ecoentridty 
of a conic section ; prove that the locus of its centre is a circle. 

11. If P, Q be two points on a conic, and jp, q two potDti 
on the directrix such that pq subtends at the focus half the angle 
subtended by P(2, either Pp and Qg or Pg and Qp meet on tho 
curve. 

12. A chord PF of a conic meets the directrix in P, and 
from any point T in PP, TLV is di*awn parallel to SF aod 
meeting 5P, SF in L and L' ; prove that the ratio of SL or 
SL to the distance of T &om the directrix is equal to the ratio 
of SA : AX. 

13. If an ellipse and an hyperbola have their axes coincident 
and proportional, points on them equidistant from one axis have 
the sum of the squares on their distances from the other axii 
constant. 

14. If Q be any point in the normal P(?, Qi2 the perpendi- 
cular on SPf and Qdf the i)erpendicular on PN^ 

qfi : PM :: SA : AX, 

15. The normals at the extremities of a focal chord PS^ of 
a conic intersect in JT, and KL is drawn perpendicular to P<2 ; 
KF is a diagonal of the parallelogram of which SK, KL am 
adjacent sides : prove that KF is parallel to the transverse azii 
of the conic* 

16. Given a focus of a conic section inscribed in a triangle^ 
find the points where it touches the sides. 

17. PSQ, is any focal chord of a conic section ; the normals 
at P and Q intersect in JT, and KN is drawn perpendicular to 
PQ ; prove that PN is equal to <SQ, and hence deduce the locus 
ofiV: 
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18. Through the extremity P, of the diameter PQ of «ii 
ellipse, the tangent TPT* is drawn meeting two conjugate dia- 
meters in T, T, From P, Q the lines PR, Q/2 are drawn paral- 
lel to the same conjugate diameters. Prove that the rectangle 
under the semiaves of the ellipse is a mean proportional between 
the triangles PQ,R and CTT, 

19. Shew that a conic may be drawn touching the sides of a 
triangle, having one focus at the centre of the circumscribing 
circle, and the other at the orthocentre. 

20. The perpendicular from the focus of a conic on any 
tangent, and the central radius to the point of contact, intersect 
on the directrix. 

21. ABt AC ate tangents to a conic at P, and C, and 
DEGP is drawn from a point D in AC^ parallel to ^P and 
catting the curve in E and P, and BQ in G \ shew that 

22. A diameter of a parabola, vertex P, meets two tangents 
in 2> and E and their chord of contact is (?, shew that - 

F(P=ED . PP. 

23. If a straight line parallel to an asymptote of an hyper- 
bola meet the curve in P and also meet two tangents in D and 
E and their chords of contact in Q ; 

FCP=FD . PP. 

24. P and Q are two fixed points in a parabola, and from 
any other point P in the curve, EP, PQ are drawn cutting a 
fixed diameter, vertex P, in P and 0; prove that the ratio of 
EB to EC is constant. 

The same theorem is also true for an hyperbola, if a fixed 
line parallel to an asymptote be substituted for the diameter of 
the parabola. 

25. If the normal at P meet the transverse axis in ff, and gk 
be perpendicular to SP, Ph is constant ; and if Id parallel to the 
traasverse axis meet the normal at P in 2, U is constant. 



CHAPTER X. 
HARMONIC PROPERTIES, POLES AND POLARa 

179. Dbf. a straigM line is harmonically dttnded 
in tux> points tchen the tehole line is to one of the extrefM 
parts as the other extreme part is to the middle part. 

ThuB AD is harmonically divided in C and B^ when 

AD : AC i: BD : BC. 

This definition, it will be seen, is the same as that of 
Art (17), for BD^AD-AB, and BC=AB-AC, 



Under these circumstances the four points A, (7, Bj I> 
constitute an Harmonic Range, and if through any point 
four straight lines OA^ OC^ OB^ OD be drawn, these 
four lines constitute an Harmonic Pencil. 

180. Peop. I. Xf a straight line be drawn paralld 
tH) one of ths rays of an harmonic pencil, its segment* 
made by the other three will be equal, and any straight 
line is divided harmonically by the four rays. 

Let AGBD be the given harmonic range, and draw 
^(7F through C parallel to OD, and meeting 0-4, OB in 
^and^. 

Then AD : AC :: OD : EC, 

and BD : BC :: OD : OF; 

but from the definition 

AD : AC :: BD : BC; 

.\EC=CF, 
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aad any other line paraUel to ECF is obviooBly bisected 

Next^ let ad>d be any straight line cutting the pencil, 
and draw ^(/parallel to Od\ so that ec^tf. 




Then ad : ac :: Od : ec^ 

and hd : he :: Od : qf; 

.'. cui : ac :: &^ : be; 

that is, ac&^ is harmonically divided 

If the line efiba be drawn cutting AO produced, 

then ad : ac :: Od : ec, 

and /3d : /3c :: Od : ^; 

.*. ad : ac :: /3d : fie, 

or ac : ad :: /3c : /33, 

and similarly it may be shewn in all other cases that the 
line is harmonically divided 

181. Prop. II. The pencil formed by two straight 
lines and the bisectors qf the angles between them is an 
harmonic pencil. 

For, if OA, OB be the lines, and 00, OD the bisec- 
tors, draw JTPZ parallel to OC and meeting OA, OD, 
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OB. Then tbe angles OKL^ OLK are obvioosly eqiud, 




and the angles at P are right angles ; therefore KP=Pk 
and the pencil is harmonic 

182. Prop. III. If ACBD, Achd be harmom 
ranges, the straight lines Cc, Bh, Dd toill meet in a point, 
as also Cd, cD, Bb. 

For, if Cc, Dd meet in F, join Fb ; then the pencil 




F{Adfd) is harmonic^ and will be cut harmonioally by 
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Hence Fb produced will pass through B, 

Similarly, if Cd, cD meet in E, 

E(Acbd) is harmonic, and therefore bB prodaced ivill 
pass through B, 

Harmonic Properties of a Quadrilateral, 

In the preceding figure, let CcdD be any quadri- 
lateral; and let dc^ DC meet in Ay Cd, cD in By and CCy 
DdinF. 

Then taking h and ^ so as to divide Acd and ACD 
harmonically, the ranges Acbd and ACBD are harmonic, 
and therefore Bb passes through both E and F, 

Similarly it can be shewn that AF is divided harmoni- 
cally in L and My by Dc and dC. 

For E{Acbd) is harmonic and therefore the transversal 
ALFM \& harmonically divided. 

183. Peop. IV. If ACBD be an harmonic range^ 
and E the middle point of CD, 

EA . EB=EC^. 
A C IS 2 5 

For AD : AC :: BD : BCy 

or AE+EC : AE-EG :: EC-\-EB ; EC-EB; 

/. AE : EC :: EG : EBy 
or AE.EB=EG^=ED^ 

Hence also, conversely, if EG^=ED*=AE. EB, the 
range ACBD is harmonic, (7 and 2> being on opposite 
sides of E. 

Hence, if a series of points A, a, B, by,., on & straight 
line be such that 

EA . Ea^EB . Eb=EG. Ec„. 

^EP^, 

B. 0. S. 13 



194 Hcarmonic Properties. 

and if EQ^EP, then the seTenJ ranges {APaQ\ {BI^ 
4c are harmomc 

184. Dbf. a sjstein of pairs of points on a straight 
line such that 

EA.Ea^EB.Eh^... ^EP^^Eif, 

is called a system in Invohition, the point E being called 
the centre and P, Q the foci of the system. 

Any two corresponding points A, a, are called conju- 
gats points, and it appeara from above that any ivr o eoB- 
jugate points form, with the foci of the system, an harmo- 
nic range. 

It will be noticed that a focus is a point at which con- 
jugate points coincide, and that the existence of a focus i«* 
only possible when the points A and a are both en tbt 
same side of the centre. 

185. Pbop. V. ffamng' given two pairs of points A 
and a, B and h, it is required to find the centre and foci 
qfthe involution. 



If ^ be the centre. 










EA : 


EB : 


: Eh : 


Ea; 

P 




Q S 


A 


B 




b a 


.\EA 


AB 


:: Eh 


«ft, 




or EA\ 


Eh : 


:AB 


'.a. 




This determmes E, and the fod P and Q 
the relations 


aregiTen by 



EP'=EQ'=EA . Ea. 

We shall howeyer find the following relation usefiiL 

Smce EA . Eh IX EB : Ea; 

.-. EA : Ah :: EB : aB, 

or EA :EB :: Ah : aB; 



but 
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Eh : EA \xdb I AB; 
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Again^ 



/. Eb : EB 
Qb : Pb 
.\ Qb-Pb : Pb 
or 2.EP :Pb 



\ Ab.ba :: AB . Ba, 
QB : PB; 
QB-PB : PB, 
2.EB : BP; 



.\ P52 : PJ52 :: EP^ : ^^, 
:: Eb ; EB 
:: Ab.ba : AB. Ba, 
This determines the ratio in which Bb is divided by P. 

1 86. If QAPa be an harmonic rang^e and E the middle 
point of PQ, and if a circle be described on PQ as dia- 
meter, the lines joining any point B on this circle with P 
and Q will bisect the angles between AE and aR. 

For EA.Ea^EP^^^EB^l 




:. EA : EB :: EB : jB^, 
and the triangles ABE, oBE are similar. 
Hence AR : aR :: iST^ : -E/2 

:: EA : ^P. 
But Ea : ^P :: EP .EA; 

:. aP : ^P :: AP : ^^. 
Hence -472 : aR :: -4P : aP, 

and ^/2a is bisected by RP, 



13—2 
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Hence, if A and a, B and b be coi^ugate points of i 
system in involution of which P and Q are the fod, it 
follows that AB and db subtend equal angles at any point 
of the circle on PQ as diameter. 

This fact also affords a means of obtaining the relations 
of Art 185. 

We must observe that if the points A^ a are on one 
side of the centre and B, b on the other, the angles sab- 
tended by AB,abBxe supplementary to each other. 

187. Pkop. VI. J[f four points form an harmonic 
range, their corrugates also form an harmonic range. 

Let A, ByCjDhe the four points, 

a, by Cy d their conjugates. 

d el a A B CD 



Then, as in Art. 186, 

Ea : ED :: ad : AD; 
.\AD,Ea=ED.ad, 
Similarly AC.Ea^ECaCy 

BD.Eb^ED.bdy 
BC.Eb=EC.bc. 
But, ABCD being harmonic, 

AD : AC :: BD : BC; 
.\ED.ad : EG, ac :: ED.bd : EC, be. 
Hence ad : ac :: bd : be, 

or the range of the conjugates is harmonic. 

188. Peop. VIL ff a system qf conies pass through 
four given points, any straight line tcill be cut by the 
system in a series qfpqints in involution. 
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The four fixed points being (7, A ^y ^y let the line 
meet one of the conies in A and a, and the straight lines 
OiP, BDy in B and &. 

Then the rectangles AB . Ba, CB . J?-F are in the 
ratio of the squares on parallel diameters, as also are 
^& . 6a and 2>6 . hE, 

But the squares on the diameters parallel to CF^ ED 
are in the constant ratio KF , KG : KE , KD ; and, the 
line Bh being given in position, the rectangles CB . BF 
and Dh . hE are given ; therefore the rectangles AB . Ba^ 
Ab ,ba are in a constant ratio. 




But, Art. 185, this ratio is the same as that of PB 
I^tf^y if P be a focus of the involution A, a, B, b. 

Hence P is determined, and all the conies cut the line 
Bb in points which form with B, b & system in involution. 

We may observe that the foci are the points of contact 
of the two conies which can be drawn through the four 
points touching the line, and that the centre is the inter- 
section of the line with the conic which has one of its 
asymptotes parallel to the line. 

189. taop. VIII. If throttgh any point two tangenti 
he dra/wn to a conic, any other straight line through the 
point toill be divided harmonically by the curve and the 
chord qfoontact. 
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Let AB, AC be the tangents, ADFE the straight 
Ima 

Through D and j^ draw GDHK, LEMN parallel 
toJ7a 

Then the diameter through A bisects DH^ and BG^ 
and therefore bisects GK\ hence OD^HKy and similtfly 
LE=-MN. 

Also LE : EN :: (?2> : DK; 

.-. Z^. ^iV : LE^ :: GD.DK i GI>', 
Of LE.LM :GD. GH :: Z^" : G^2>« 

:: Z^a : 6^J«. 
But LE.LM : GD . GH :: Z5» : 5G«; 
henoe AL \ AG :: j&Z : BGy 




and therefore -4^ : AD :: J^^ : JF!Z>, 
that is^ ADFE^A harmonically divided. 

190. Pbop. IX. Jf two tangenU he drawn to a coniCj 
any third tangent is harmonicallg divided by the ttco 
tangents, the curve, and the chord ofconta^. 

Let DEFG be the third tangent, and through G, the 
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K>mt in which it meets AC^ draw GHKL parallel to AB^ 
cutting the cvure and the chord of contact in JET, JT, Z. 




Then GH. GL : G(P :: AB^ : AC* 
:: GK* : GCP; 
:.GH\GL^GK\ 
Hence DG^ : DE^ :: GK^ : EB^ 

GH. GL : EB' 
GF* : EF^i 
that is, DEFG is an harmonic range. 

191. Prop. X. If any straight Uim meet tteo tangents 
to a conic in P and Q, the chord qf contact in T and the 
conic in R and F, 

PR.PV : QB.QVi: PT^ : «n 
Taking the preceding figure, draw the tangent DEFG 
parallel to PQ, 

Then PR.PV : EF* :: PB* : BE* 
:: PT» : DE^-; 
and QR . QV : GF^ :: QC* : GG^ 

:: QT^ : DG'; 
but EF : DEv. GF : DG; 

:. PR.PV I PT^ :: QR.QV : QTK 
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192L Pbop. XI. Ifchordi of a come he drawn through 
a Jixed point the pairs of tangents at their eatremiUu 
will intersect in a Jixed line. 

Let ^ be the fixed point and O the centre, and let CB 
meet the conre in P. 




Take A in CP such that 

CA : OP :: CP : CB; 
then B is the middle point of the chord of contact of the 
tangents AQ, AB. 

Draw any dhord EBFBXid let the tangents at E and F 
meet in G : also join CO and draw PN parallel to EF, 
Then if CO meet EF in K and the tangent at P in 7^ 
CE-.CG^CN.CT; 
:. CO : CT :: CN : CIT 
:: CP : CB 
:: CA : CP; 
hence ^6^ is parallel to PT^ and the point O therefore 
lies on a fixed lina 
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If the conic be a parabola, we must take AP equal 
o BJP : then, remembering tliat KG and NT wee bisected 
*j the curve, the proof is the same. 

193. If -4 be the fixed point, and if the chord AEF bo 
Irawn through A, then, as before, 

CK.CG=CN.CT, 



JBL 




and CG : CT :: CN : CK 

:: CP : CA 

:: CB : CP; 
therefore BG is parallel ixi PT and coincides with the 
chord of contact QB. 

Hence, conversely, if from points on a straight line 
pairs of tangents be drawn to a conic, the chords of con- 
tact will pass through a fixed point 

194. Dbip. The loous of the points of intersection of 
tangents at the extremities of diords through a fixed point 
is called the polar of the point. 

Also, if from points in a straight line pairs of tangents 
be drawn to a conic, the point in which fdl the chords of 
contact intersect is called the pole of the line. 

If the pole be without the curve the polar is the chord 
of contact of tangents from the pole. 
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If the pole be on the dure, the polar k the tangeBt 
at the point 

195. Peop. XII. A straight tins drawn throuffh any 
paint it divided harmonically by the pointy the curves 
and the polar of the point 

If the point be without the conic this is already {HroTed 
in Art. (1S9). l 

Ifitbe within the conic, as J? in the figure of Art (193), ' 
then, drawing any chord FBEV meetang in F the polar 
of B, the chord of contact of tangents from V passes I 
through B, bj Art (192), and the line FJSBF is therefore 
harmonically divided. I 

Hence the polar may be constructed by drawing two 
chords through the pole and diyiding them harmonically ; 
the line joining the points of division is the polar. 

196. Prop. XIII. The polars qf two points interted 
in the pole qftl^e line joining the two points. 

For, if ^, j& be the two points and the pole of AB^ 
the line ^O is divided harmonically by the carve, and 
therefore the polar of A passes through the point O. 

Similarly the polar of B passes through ; 

That is, the polars of A and B intersect in the pole 
oiAB, 

197. Peop. XIV. If a quadrilateral he inscribed in 
a eonic, its opposite sides and diagonals will intersect in 
three points such that each is the pole qf the line Joining 
the other two. 

Let ABCD be the quadrilateral, F and Q the points 
of intersection of AD, BC^ and of Z>(7, AB. 

Let EG meet FA, FB, m Z and Jf. 

Then, Art (182), FDLA and FCMB are harmonic 
ranges; 

Therefore L and M are both on the polar of F, Art 
(195), and EG is the polar of F. 
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Similarly, EF is the polar of G, and therefore E is 
lie pole of i^G^ ; Art (196). 




198. Def. If each of the sides of a triangle be the 
polar, with regard to a conic, of the opposite angular pointy 
the triangle is said to be se^-conjngate with regard to the 
conia 

Thns the triangle EGF in the above figore is self- 
oonjugate. 

To construct a self-conjugate triangle, take a straight 
line AB and find its pole G, 

Draw through C any straight line CD cutting AB in 
Z>, and find the pole E of CD^ ndiich lies on AB : then 
CDE is self-coigugate. . 

199. Prop. XV. ff a qtuidrUateral circumscribe a 
coniCy its three diagonals form a seHf- conjugate triangle, 

Let the polar of ^(that is, the chord of contact P'P), 
meet FG in R\ then, since i2 is on the polar of F^ it 
follows that F is on the polar of R. 

Now F (AEBG) is harmonic. Art (182), and if FE meet 
P'P in T, P'TPR is an harmom'c range ; hence, by the 
theorem of Art (195), i^^is the poLir of R. 
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Bimilarij, if the otiier diord of contact QQ' meet FO b 
R% OE 18 the polar of 22'; 




.*. E is the pole of BBf, that is, of LK. 

Again, DEBK is hannonic, and, if QP meet AC in ^ 
and G^JTin F, QSPV is harmonic, and /. S is on the polar 
of V\ hence, S being on the poLur of C, C7F, that is CK^ 
is the polar of S, 

Similarly, if P*Q^ meet ACmS", AK is the polar of S'\ 

:, K is the pole of SS'y that is, of EL, 

ELK IB therefore a self-coigugate triangle. 

200. Pbop. XYI. ^f a tystem qf conies have a earn- 
mon self-cor^tigcUe triangle^ any straight line passing 
through one qf the angular points qf the triangle is cvi 
in a series of points in involiUion. 

For, if ABG be the triangle, and a line APDQ meet 
BG in 2>, and the conic in P and Q, APDQ is an har- 
monic range, and all the pairs of points P, Q form with 
A and D an harmonic range. 

Hence the pairs of points form a system in inyolation, 
of which A and D are the focL 
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201. Pbop. XVII. Ths pencU farmed by the polan 
Xf th^four paints qf an harmonic range is an harmanie 
pencil 

Uet ABCD be the range, O the pole of AD. 

Uet the polan Oa^ Ob, Oc, Od meet ADma^b,e^d, 
and let AD meet the conic in P and Q, 

d h e a 

— S p — 3 — d — 5~^~ 

Then APaQ, CPcQ, &c are harmonic ranges; and 
tlierefore, Arts. 183» 184, (i,c,b,d are the coigugates of 
^, a B, D. 

Hence, Art. (187), the range acbd is harmonic, and there* 
fore the pencil O {acbd) is harmonia 

Reciproeai Polars, 

202. The pole of a line with regard to anj conic being 
a point and the polar of a point a line, it follows that any 
system of points and lines can be transformed into a 
system of lines and points. 

This process is called reciprocation, and it is clear that 
any theorem relating to the original system will have its 
analogae in the system formed by reciprocation. 

Thus, if a series of lines be concurrent, the corre- 
sponding points are coUinear; and the theorem of Art 
(201) is an instance of the effect of reciprocation. 

203. Def. If a point move in a curve {C)] its polar 
will always touch some other curve (CT) ; this latter curve 
is called the reciprocal polar of (C) with regard to the 
auxiliary conic. 

Prop. XVII. If a curve C be the polar qf C, then 
will C he the polar qfC\ 

For, if P, P^ be two consecutive points of C, the inter- 
section of the polars of P and P' is a point Q, which is 
the pole of the line PP\ 

But the point Q is ultimately, when P and P coin- 
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cide, the point of contact of the corre whidi is toocbed 
by the polar of P. 

Hence the polar of any point Q of C' is a tangent 
to the carve C. 

204. So far we have considered poles and pokis 
generally with regard to any conic ; we shall now confioe 
oor attention to the simple case in which a drde is the 
auxiliary carve. 

In this case, if ^i? be a line, P its pole, and CY the 
perpendicalar from the centre of the cirde on AB, the 
rectangle CP . CY is eqaal to the square on the radios 
<^thedrde. 

A simple constraction is thus given for the pole of a 
line, or the pokf of the point. 

205. As an illustration take the theorem of the ezifl^ 
ence of the orthocentre in a triangle. 

Let AOD, BOEy COF be the perpendiculars, O being 
the orthocentre. 

The polar reciprocal of the line BC is a point A% and 
of the point A a line l^G', 

To the line AD corresponds a point P on B^C% and 
since ADB is a right angle, it follows that PSA* is a 
right angle, S being the centre of the auxiliary drde. 

And, similarly, if SQ, SRy perpendiculars to SB', SC, 
meet C'A' and A'B in Q and R, these points correspond 
to jB^and CF. 

But ADf BEf CF are concurrent, 

.'. P, Q, B are collinear. 

Hence the reciprocal theorem, 

If from any point S lines he drawn perpendicular 
respectively to SA\ SB, SC\ and meeting BC\ C'A\ 
A'Bf in P, Q, and R, these points are collinear. 

As a second illustration take the theorem, 

If Ay B he two fixed points, and AC, BC at right 
angles to each other, the locus qfCis a circle. 

Taking O, the middle point of AB, as the centre of 
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the auxiliary cirde, the reciprocals of A and B are two 
parallel straight lines, PE, Qi^, perpendicular to AB\ the 
reciprocals of ACy BG btb points Jf, Q on these lines such 
that POQ is a right an^e, and PQ is the reciprocal 
of O. 

Hence, the locos of C being a circle, it follows that PQ 
always touches a circle. 

The reciprocal theorem therefore is, 

^ a straight line PQ, bounded hy two paraUd straigM 
lines, subtend a right angle at a point O, half way between 
the linesy the Hne PQ alwayi Uruches a circle, having O 
for its centre* 

206. Pbof. XVIII. The reciprocal polar of a circle 
with regard to another circley called the auxiliary circle, 
is a conic, a focus cf which is the centre qf the auxiliary 
circle, and the corresponding directrix the polar qf the 
centre qfth>e reciprocated circle. 

Let S be the centre of the auxiliary circle, and KX 
the polar of C, the centre oi the reciprocated circle. 




Then, if P be the pole of a tangent Q y to the circle 
C /SP meeting this tangent in Y, 

JSP.SY=SX.Sa 
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Therefore drawing SL parallel to QF, 




SP 


: SC : 


:SX 


iQL. 


But^by 


Bimilar triangles, 








SP 


:SG :: 


SN I 


CL; 




:. SP 


: SO :', 


NX 


^CQ, 




SP : 


PK :, 


SC: 


CQ. 



or 

Hence the locus of P is a conic, focus S, directrix KX, 
and haying for its eccentricity the ratio of SC to CQ. 

' The reciprocal polar of a circle is therefore an ellipse, 
parabola, or hyperbola, as the point S is within, upon, or 
without the circumference of the circle. 

207. Prop. XIX. To find the lotus rectum and axet 
qfthe reciprocal conic. 

The ends of the latus rectum are the poles of the tan- 
gents parallel to SC. 

Hence, if SB be the semi-latos rectum, 
SB . CQ^SE^, 
8E being the radius of the auxiliary circia 




The ends of the transverse axis A, A' are the 
of the tangents at F and Q ; 

.-. SA.SG^SE\ 
and SA' , SF=SE\ 
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I^et SUy SU' be the tangents ttem S, then 
SO.SF=SU\ 

AJ&A^ : SG :: SB^ : SU^^i ,^^ 

nd £IA : SF :: iS'^* : J81P\S 

Hence -4^' : i^G^ :: /SE^ ; 5^17% 

»r, tf O be the centre of the redprocal, 

AO : CQ :: /S^ : SIP. 
Again, if J70i?' be the coigngate axis, 
BO^=^SB.AO; 
therefore, since SE^=SB . CQ, 

BO" : SE^ :: AO : CQ 
:: ^J?» : /yi7«, 
and BO,SU=SE\ 

The centre O, it may be remarked, is the pole of UlT. 
¥oT, from the relations (a), 

SE* : SU^ :: SA-^SA' : SF-i-SG 
SO :SC 

SO.SM : SC.SM; 
.'. SO.SM=SE\ 

208. In the figures drawn, the reciprocal conic is an 
hyperbola ; the asymptotes are therefore the lines through 
O perpendicular to SU and SU'y the poles of these lines 
being at an infinite distance. 

The semi-conjugate axis is equal to the perpendicuhlur 
from the focus on the asymptote. Art (99), .«. e. if OD be the 
asymptote, SD is equal to the semi-conjugl^te axis< 

Fmiher, since OD is perpendiimlar to SU, and i&- 
the pole of UU\ it follows that 2> is the pole of CU, and' 

A SD.SU-^SE\ 
as we hare already shewn. 

B. 0. 0. 1* 
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Again, 2> being the interaection of the polan of C and 
Uf is the interaection of SUand the directrix. 

209. If the pohit S be wfthin the drde, so that the 
reciprocal is an ellipsey the axes are given by sinuhr 
relationa. 

Throngh S draw iS'^ perpendicular to FG. 



I 




Then SF.SG=SU^ 

and exactly as in the case of the hyperbola, 
AG : CQ :: SE^ : SU^ 
and BG.SU=SE\ 

210. The important Theorem we have jost considered 
enables us to deduce from any property of a circle, a cor- 
responding property of a conic, and we are thus furnished 
with a method, which may serve to give easy proofs of 
known properties, or to reveal new properties of conies. 

In the process of reciprocation we observe that points 
become lines and lines points ; that a tangent to a cmre 
reciprocates into a point on the reciprocal, that a curve 
inscribed in a triangle becomes a curve circumscribing a 
triangle, and that when the auxiliary curve is a circle, the 
reciprocal of a circle is a conic, the latus rectum of whidi 
varies inversely as the radius of the circle. 
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211. We give a few instances : 



Thbobem. 

The angles in the tame seg- 
ment of a circle are equal. 



Two of the common tan- 
gents of two equal circles are 
paralleL 



If a chord of a circle sub-. 
tend a constant angle at a fixed 
point on the curve, the chord 
always touches a circle. 



If a chord of a circle pass 
through a fixed point, the rect- 
angle contained, by the seg- 
ments is constant. 

If two chords be drawn 
from a fixed point on a circle 
at right angles to each other, 
the line joining their ends passes 
through the centre. 

If a circle be inscribed in a 
triangle, the lines joining the 
vertices with the points of con- 
tact meet in a point. 

The sum of the reciprocals 
of the radii of the escribed cir- 
cles of a triangle is equal to 
the reciprocal of the inscribed 
circle. 



Bbcipbooal. 



If a moyeable tangent of a 
conic meet two fixed tangents, 
the intercepted portion sub- 
tends a constant angle at the 
focus. 

If two conies have the same 
focus, and equal latera recta, 
the straight line joining two of 
their common points passes 
through the focus. 

If two tangents of a conic 
move so that the intercepted 
portion of a fixed tangent sub- 
tends a constant angle at the 
focus, the locus of the intersec- 
tion of the moving tangents is 
a conic having the same focus 
and directrix. 

The rectangle contained by 
the perpendiculars from the 
focus on two parallel tangents 
is constant. 

If two tangents of a conic 
move so that the intercepted 
portion of a fixed tangent sub- 
tends a right angle at the focus, 
the two moveable tangents meet 
in the directrix. 

If a triangle be inscribed in 
a conic the tangents at the ver- 
tices meet the opposite sides in 
three points lying in a straight 
line. 

With a given point as focus, 
four conies can be drawn cir- 
cumscribing a triangle, and the 
latus' rectum of one is equal to 
the sum of the latera recta of 
the other three. 
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EXAMPLES. 

1. If a seriei of circlet pasa through tlie same two pointa, 
any transyenal will he cut by the circles in a m^ed of painia in 
inyolntion. 

2. If he the centre of the circle ciroumscribini^ a triaDgle 
ABC, and BC, 0*A\ A'B, the respective polars with regard 
to a concentric circle of the points A^ B, C7, prove tluUi O is the 
centre of the circle inscribed in the triangle A'BC\ 

8. OAt OB, 0C7 being three straight lines g^ren in positioD, 
shew that there are three other straight lines each of which forms 
with OA, OB, 00 an harmonic pencil ; and that each of the 
three OA, OB, 0(7 forms vdth the second' three an harmonic 
pencil. 

4. The straight line A BOD is divided harmonically in the 
p<nnts Bt ; prove that if a circle be described on AC as 
diameter, any circle passing through B and D will cut it at right 
angles. 

5. Three straight lines AD, AE^ AF are drawn through a 
6xed point A^ and fixed points B, C, J) tare taken in AD, such 
that A BCD is an harmonic range. Any straight line through C 
intersects AE and AF ia E and F, taid''3S, T>P intersect 
in P; DE, BF in Q. Shew that P and Q* always lie in a 
straight line through A, forming with AD, AE, AP an har- 
monic pencil. 

6. CAy OB are two tangents to a conic section, O a fixed 
point \ji AB, POQ any chord of the conic ; prove that the inter- 
sections of AP, BQj and also of ^Q, BP lie in a fixed straigfat 
line which forms with CA^ CO, CB an harmonic pencil. 

7. If three conies pass through the same four points, the 
common tangent to two of thbm is divided harmonically by the 
third. 

8. Two conies intersect in four points, and thron^h the 
intersection of two of their common chords a tangent is 
drawn to one of them; prove that it is divided harmonically by 
the other. 

9. Prove that the two tangents through any point to a 
conic, any line thrbugh the point and the line to the pole of the 
last line, form an harmonic pencil. 
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10. ShQW that the asymptotes of an hyperboU form, with 
kny pair of conjugate diameters, an harmonic peneil. 

11. Shew, frpp Arts. 195 and 196, that the centre of a conic 
s the pole of a line at an infinite distance. 

12. PSQ and PS' It are two focal chords of an ellipse ; two 
3ther ellipses are described having P for a common focus, and 
bouobing the first ellipse at Q and R respectively. The three 
ellipses have equal major axes* Prove that the directrices of the 
Last two ellipses pass through the pole of QR, 

13. Tangents from T touch an ellipse in P and Q, and PQ 
meets the directrices in B and S! ; shew that PR and' QBf sub- 
tend equal angles at T, 

14. The polos of a given straight line, with respect to sections 
through it of a given cone, all lie upon a straight line passing 
through the vertex of the cone. 

15. If from a given point in the axis of a conic a chord be 
drawn, the perpendicular from the pole of the chord upon the 
chord will meet the axis in a fixed point. 

16. Q is any point in the tangent i^t a point i' of a conic ; 
QO perpendicular to CP meets the normal s^t P in O, and QE 
perpendicular to the polar of Q meets the normal at P in E; 
prove that EG ia constant and equal to the radius of curvature 
at P. 

17* If any triangle be reciprocated with regard to its ortho- 
centre, the reciprocal triangle will be similar and similarly 
situated to the original one and will have the same ortfaiocentre. 

18. If two conies have the same focus and directrix, and a 
focal chord be drawn, the four tangents at the points where it 
meets the conies intersect in the same point of the directrix. 

19. An ellipse ftQd a parabola have a common focus ; prove 
that the ellipse either intersects the parabola in two points and 
has two common tangents with it, or else does not cut it. 

20. Prove that the reciprocal polar of the circumscribed 
drcle of a triangle with regard to the inscribed cuxde i^ an 
ellipse, the major axis of which is equal in length to the radius 
of the inscribed circle. 
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21. Pro?e that four pMraboUs, having a commoa fociu, m&y 
be described m> that each shall touch three out of four giTtis 
Htraight liiiet. 

22. A triangle ABC drcumscribea a parabola^ focus S: 
through ABC lines are drawn respectively perpendicular to SA, 
HB, SC\ shew that these lines meet in a point. 

23. A tangent to an ellipse at a point P intersects a fixed 
tangent in jT; if through a focus S a line be drawn perpendicuUr 
to ST, meeting the tangent at P in <2, the locus of Q ia & straight 
line touching the ellipse. 

2i« Prove that the distances, fiK>m the centre of a circle^ dt 
any two poles are to one another as their distances from, the 
alternate polars. 

25. If P, Q, Rh% three points on a conic, and PR, QR 
meet the directrix in |>, q, the angle which pq subtends at the 
corresponding focus is half the angle which PQ, subtends. 

26. Beciprocate the theorems, 

(1) The opposite angles of any quadrilateral in8orib«l 
. < in a circle are equal to two right angles. 

' (2) If a line be drawn from the focus of an ellipBe 
making a constant angle with the tangnenty the 
locus of its intersection with the tangent is s 
circle. 

27. The locus of the intersection of two tangents to a para- 
bola which include a constant angle is an hyperbola, having th« 
same focus and directrix. 

28. Two ellipses having a common focus cannot intersect in 
more than two real points, but two hyperbolas, or an elli|)8e and 
hyperbola, may do so. 

29/ ABC is any triangle and P any point : four conic sec- 
tions are described with a given focus touching the sides of the 
triangles ABC, PBC^ PGA, PAB respectively, shew that they 
all have a common tangent. 

30. TP, TQ, are tangents to a parabola cutting the directrix 
respectively in X and Y; E3F ia a straight line drawn through 
the focus S perpendicular to ST, cutting TP, TQ respectively 
iaE, F; prove that the lines EY, XF are tangents to the para- 
bola. 
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31. With the orthocentre of a triangle as focus, two oonios 
sire described touching a side of the triangle and haying the other 
two sides as directrices respectively ; shew that their minor axes 
are equaL 

82. Conies have a focus and a pair of tangents common ; the 
corresponding directrices will pass through a fixed point, and all 
the centres lie on the same straight line. 

33. The focal distances of a point on a conic meet the curve 
again in Q^R; shew that the pole of QR will lie upon the normal 
at the first point. 

34. The tangent at any point ii of a conic is cut by two 
other tangents and their chord of contact iaS, C, J); shew that 
{AJBDO) is harmonic. 

35. PQ is the chord of a conic having its pole on the chord 
AB, (or AJB produced); Qq is drawn parallel to AB meeting the 
conic in 2; shew that Pq bisects the chord AB, 

86. Prove that with a given point as focus, four conies can 
be drawn circumscribing a given triangle, and that the sum of 
the latera recta of three of them will equal the latus rectum of 
the fourth. 

If the sides of the triangle subtend equal angles at the given 
point one of the conies will touch the other three. 

87. Two parabolas have a common focus S ; parallel tangents 
are drawn to them at P and Q intersecting the common tangent 
in P* and Q^; prove that the angle PSQ is equal to the angle 
between the axes, and the angle P'SQ^ is supplementary. 

Deduce the reciprocal Theorem for two circles. 

88. Two circles can be reciprocated into a pair of oonfocal 
conica 

89. A system of coaxal eurdes can be reciprocated into a 
system of conf ocal conies. 

40. ABO is a given triangle, 8 a given point; on BO, OA, 
AB respectively, points A\ B\ are taken, such that each of 
the angles ASA\ BSS^ CSO', is a right angle. Prove that 
A', By C lie in the same straight line, and that the latera 
recta of the four conies, which have S for a conmion focus, and 
respectively touch the three sides of the triangles ABO^ ABO^^ 
ABQ\ A' BO are equal to one another. 
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41. i9 k the feoos of » ocMuo; P, Q two pointa on it nd 
tlMt the angk PiSTQ ii ooaatMit ; through S, SJt^ STtdndmn 
■■••tinf tho tngMits at P, Q in iZ, T nspectiyelj, and so tint 
th« anglM P^i^ Q57 are constant; shew that RT alvaji 
tonohei a oonic having the lame focos and directrix aa the 
original oonlc. 

42. OA, OB are oommon tangents to two conies liavinga 
common foons 8, OA, CB are tangents at one of their points 
of Intersection, BD, AS tangents intersecting OA, CB, in i>, B. 
PMre that 8D£ is a straight lind. 

43. An hyperbola, of which S is one focus, touohes the Bids 
of a triangle JL^C; the linert 8 A, SB, 5C7are drawn, and also hnes 
BD, 8E, 8F respeeti^ely perpendicular to the former three linos, 
and meeting any tangent to the curve in D, S, F; ttkew that tiw 
Vam AJ>, BB, OF are concurrent. 

44. A rectangular hyperbola dronmscribes Sk trxaagle ABC\ 
if D, J?, P be the feet of the perpendiculars from A, B, C7 on the 
opposite sides, the loci of the poles of the sides of the triangle 
4jS(?«re the lines EF, FD, DE, 

45. Two common chords of a given ellipse and A eirele pan 
through a given point ; shew that the locus of the centres of all 
sneh dides is a straight line through the given point. 

46. If an hyperbola circumscribe ah equilateral triangle, and 
have the eentie ef the circumBeribing drcle as focus, hs eooen- 
trioity is the ratio of 4 to 8, and its latua rectum is ene-tlyrd d 
tbe diameter of the cifcumscribiflg oirelew 

47. If a triangle is self-cohjugaU with respect to Cd6& of i 
series of parabolas, the lines joining the middle points of its 
sides will be tangents ; all the directrices will pass througb 0, 
the centre of the circumscribing circle ; and the ^ocal chords, 
which are the polars of 0, will all touch an ellipse inscribed in 
th» givett triangle whkih haa the nine^poiot ourole for ittf auxifiary 
circle. 



CHAPTER XI. 

THE CONSTRUCTION OP A CONIC FROM GIVEN 
CONDITIONS. 

212. It will be found that, in general, fire conditions 
are sufficient to determine a corner bat it sometimes hap- 
pens that two or more conies can be constructed which 
will satisfy the given conditions. We may have, as given 
conditions, points and tangents of the curve, the directions 
of axes or conjugate diameters, the position of the centre, 
or ally chsracteristic or especial property of the curve. 

Pjiop. I. To construct a parctbola, pcuaing through 
three given points, and having the direction of its axis 
given. 

In this case the fact that the conic is a parabola is one 
of the conditions. 




Let Py Q, 22 be the given poiflts^ and let RE pahdlel 
to the given direction meet PQ in ^* 
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Ths Construction of a Conic 



If J& be the middle point <tfPQ, iS is the vertex of the 
diameter BE; but, if not, bisecting PQ in V, draw the 
diameter through V and take A auch tliat 

4V : RE:: QV* : QE.EP. 

Then A is the vertex of the diameter A F. 

If the point E do not fall between P and Q, A must 
be taken on the side of PQ which is opposite to E, 

The focus may then be found by taking A U such that 

QV^^AAV.AU, 

and by then drawing US parallel to QF and taking AS 
equal Ui AU, 

213. Prop. IL To describe a parabola through four 
given poinU. 

First, let ABCD be four points in a given paraibola, 
and let the diameter CF meet AD in F, 




. Draw the tangents PT^QT parallel to AD^ BCy and 
the diameter Q V meeting PT in F. 
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Then ED.EA : EC.EB 



TV*: TV 
EF^ : EC*. 

Henoe the oonstractioii ; in EA take JSF such that 
EF* : EC* :: ED.EA : EC.EB, 
them CFM the direction of the axis, and the problem is 
recLnced to the preceding. 

If the point F be taken in AE produced^ another para- 
bola can be drawn, so that, in general, two parabolas can 
bo drawn through four points. 

214. This problem may be treated differently by help 
of the theorem of Art (48), tIz. ; 

jy/rom a point 0, outside a parahcla, a tangent OM^ 
and a chord GAB he drawn, and if the diameter ME 
meet the chord in E^ 

OE*^OA.OB. 




Let A, B, C^ D he the giTen points, and let E. E'j 
F, F, be so taken that 
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OE»=OE^=OA,OB, 
and 0F*= 0F'*= OC OD. 

Then EF and E'F' are diameters, and JTZ, the poUff 
of 0, will meet ^^and B'F'isL M, N, the points 6f doniact 
of tangents frokn O. 

The second parabola is obtained by taking for dianieters 
EF and E'F. 

216. Prop. IIL Any conic pa$Hng throtigh four 
poinU has a pair qf conjugate diameteri parailel to the 
AMf qfthe two pardboku which can he drawn through the 
fourpainti. 




Let TP, TQ be the tangents parallel to OAB and OCD, 
and such that the angle FTQ is equal to AOG. 

Then, if OE^=OA . OB and OF^^OG , OD^ 
OE^ : OF^ :; OA,OB i DC. OD 
:: TP^ : TQ»; 
.\ EF is parallel to FQ. 

Hence, if iZ and F be the middle pomts of EF and PQ, 
OB is parallel to TF; 

But taking Oi^' equal to OJ; 022 is parallel to ^P*, 
/. TF and FQ are paraUel to EF' and JEF; .^ 

f.€i ik6 conjugate diameters parallel to TF i&nd FQ 
are parallel to the axes of the two pftrabOhiS.' 
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216. Pbop. IY. Slaving given a pair qf ea^nfugais 
<i£ameter9j PCP'^ DCU^ it is requirid to eomtruct th$ 
ellipse. 

In CP t^ke E such that P]E .PC^CL^y ^rakW PF 
perpendicular to CD and take FO' equal to FC. 




About CEO describe a circle, cutting PF in G and & \ 

then PQ . PQ'=PE . PC= CD", 

and GCG' is a right angle; therefore CG and CG' are the 
directions of the axes and their lengths are giyen by the 
relations, 

PG.PF--B€^, 
PG\PF=AC*. 
We may obserre that, being the centre of the circle, 
AP^-^BC*=PF. PG^PF. PQt 
^%.PF.PO 
^2.PC,PN^ 
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if iV be the middle point of CEy 

^PCP^PC .PE 
^CP^^CD'. 

If PE' be taken equal to PE in CP produced, and tlie 
same construction be made, we shall obtain the axes of an 
hyperbola having CP, CD for a pair of ooigngate semi, 
diameters. 

217. This problem may be treated also as follows. 
In PFj the perpendicular on CD^ take 

Pir=Pir'=(7A 

then PK^=PQ.PQ\ 

and therefore K'OKG' is an harmonic range ; and QCG* 
being a right angle, it follows, Art 181, that CG and CG' 
are the bisectors of the angles between CK and CK\ 

Hence, knowing CP and 02), G and G' are determined 

218. Prop. Y. Having gitien the focuM and three 
points qfa coniCy to find the directrix. 

Let Ay ByCyShe the three points and the focus. 

Produce BA to /) so that 

BD : AD :: SB : SA, 

and CB to E,80 that 

BE : CE :: SB : SC; 

then DE is the directrix. 

The lines BA, BC may be also divided internally in the 
same ratio, so that four solutions are generally possible. 

Conversely, if three points A^ B, C and the directrix 
are given, let BA, BC meet the directrix in D and £\ 
then iS'lies on a circle, the locus of a point, the distances of 
which from A and ^ are in the ratio of AD to DB. 

S lies also on a circle, similarly constructed with regard 
to BCE; the intersection of these circles gives two points, 
either of which may be the focus. 



froia given Conditions. 22S 

219. Pbop. VI. Having given ike centre^ the diree- 
tione of a pair qf conjugate diametertf and ttoo points qf 
an ellipse, to describe the eUipse. 

If C be the centre, CA^ CB the given directions, and 




P, Q the pointB, draw QMQ, PLP' parallel to CB and 
€A, and make ^M= QM and P'L^PL. 

Then the ellipse will eyidently pass through P' and Q\ 
and if CA,CBhQ the conjugate radii, their ratio is giyeii 
by the relation 

CA^ : CB» :: EP . EP" : EQ . EQ", 

E being the point of intersection of P'P and Q'Q. 

Set up a straight line ND perpendicular to CA and 
smch that 

ND^ : iVP» :: EP.ER : EQ. E^, 

and de8cri1>e a circle, radius CD and centre C cutting CA 
in A, and take 

CB : CA :: NP : ND. 
Then AN.NA'=ND', 

and PiV^' : ^iV. NA' :: CB^ : Oil 

Hence CA, CB are determined, and the ellipse passes 
through P and Q, 
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220. Pbop. YII. TodeKHbeaeomcpauhgihamgh 
a given paint and touching twcy given straight lm» in 
given paints. 

Let OA^ OB be tlie given tangents, A and B the poinis 
of contact) N the middle point of AB, 




Ist Let the. given point 2> be^ ii^ OJ^; tl^en, if 
ND=ODy the curve is a parabola. 

But if ND< OD, the curve is an ellipse, and, talking C 
such that OC . CN= CI>^, the point C is the centre. 

If ND > OD the curve is an b7perl^la» an^i its centre 
is found in the same manner. 

2nd. If the given point be E, not in ON, draw OEFf 
parallel to AB, and make FL equal to BJU 

Take iT such that 

GK^^OE. GF; 

then AK produced will meet OiVin D, and the problem 
is reduced to the first case. 

To justify this construction, observe that if DM be the 
tangent at D, 

GE. GF: GA* :: DM^ : MA* 
:: GK* : GA\ 
so that GE.GF^GJSy. 



fT(ym given Conditums. 225 

221. Peof. VIII. To draw a conic through Jive ffiven 
points. 

Let Ay B, 0, 2>, E bo the five points, and F tho inter- 
section of DB, AB, 




Draw CG, CHy parallel respectively to AB and ED and 
meeting EDy AB in G^ and jSI 

If J' and G^ fall between D and E, and F and .?be- 
tween A and ^^ take GP in (7(7 produced and HQ in C!i9^ 
produced, such tihat 

CG.GP : DG.GE:\AF.FB iDF.FEy 

and C!ff . ^Q : ^^. HB :: D-F. -PET : AF ,FB\ 

Then, Arts. (86) and (129), P and Q are points in the 
conic. 

Also PCy AB being parallel chords, the line joining 
their middle points is a diameter, and another diameter is 
obtained from CQ and DE, 

If these diameters are parallel, the conic is a parabola^ 
and we fall upon the case of Prop. II. ; but if they inter- 
sect in a point 0, this point is the centre of the conic, 
and^ having the centre, the direction of a diameter, and 
B. 0. s. 16 
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two ordinates of that diameter, we M upon the case of 
Prop.VL 

The figure is drawn for the case in which the p^tagtm 
AEBCD is not re-entering, in which case the o(mic may be 
an ellipse, a parabola, or an hyperbola. 

If any one pomt fall within the qnadrikteral formed by 
the other fonr, the canre is anr hyperbola. 

In all cases the p<Hnt8 P, Q most be taken in aceord- 
ance with the following rule. 

The points C^ P, or C, Q mnst be on the sanie or dif- 
ferent sides of the points G, or i7, according as the points 
D, Ef or BjA «re on the same or different sides of the 
points O or ff. 

Thos, if the point E be between D and F, and if 6r be 
between D and B, and ff between A and B, the points F 
and C will be on the same side of Q^ and C, Q on the same 
side of H, bat if iS^ &U outside A and B, O and Q will be 
on opposite sides of ff. 

Remembering that if a straight line meet only one 
branch of an hyperbola, any parallel line will meet only 
one branch, and that if it meet botii branched, any parcel 
will meet both branches, the rule' may be established bj 
an examination of the different cases. 

222. The above construction depends only on the ele- 
mentary properties of Conies, which are given in Chapters 
I, II, III,' and IV. For some further constructions we 
shall adopt another method depending on harmonic pro- 
perties. 

Prop. IX. Havitig given two pairs qf lines OAy OA\ 
and OB J 0B\ to find a pair qf lines OCy 0C\ which shaU 
make with each of the given pairs an harmonic pencil. 

This is at once effected by help of Art (185). 

For, if any transversal cut the lines in the points c, a, 5, 
(/y Vy a\ the points <?, & are the foci of the involution, in 
which a, a' are conjugate, and also 6, &', the centre of the 
involution being the middle point of ccf. 
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223. Paop. X ^f two points and two tangents qf a 
ante he givef^, the chord of contact inteneets the given 
hr€>rd in one qf two fixed points*. 

Let OP, OQ be the given tangentgy A and B the given 




points, and (7 the intersection otAB and the chord of con- 
tact 

Let OC be the polar of C, and let AB meet OC in 2>, 

Then C is on the polar of D, and therefore DBCA is 
an harmonic range. 

Also, C being on the polar of C\ QQCP is an harmonic 
range. 

Hence if two lines OC^ OC be found, which are har- 
monic with OJ, OBy and also with OP, OQ, these lines 
intersect AB in two points Oand 2>, through one of which 
the chord of contact must pass. 

Or thus, if the tangents meet AB in a and &, find the 
foci C and D of the involution AB^ ah ; the chord of con- 
tact passes through one of these points, 

* I am indebted to Mr Worthington for much valaable asaist- 
ance in this chapter, and especially for the oonstructions of 
Articles 223, 225, 226, and 229. 
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824. Pbop. XI. Having given three points and two 
Umgente, to find the chord qf contact. 

In the preceding figure let OP, OQ be the tangents, 
and A, B,£iho pointa 

Find OC, OC harmonic with OA, OB, and OP, OQ; 
also find OF, OQ harmonic with OA, OE and OP, OQ. 

Then any one of the four lines joining Cor D to For 
(? is a chord of contact, and the chord of contact and 
points of contact being known, the case reduces to that of 
Art (220). 

Hence four such conies can in general be described. 

225. Prop. XII. To detcribe a conic, paseing through 
two given points, and totiching three given straight lines. 

Let AB, the line joining the given points, meet the 
given tangents QR, RP, PQ, in N, M, L. 




Find the foci C, D of the involution A, B and L, M; 

Then YZ, the polar of P, passes through (7 or D. Art 
223. 

Also find the foci, F, G, of the involution A, B, and 
M, N ; then X Y, the polar of B, passes through F or G, 

Let ZX meet PB in T; then 37 is on the polar of Q, 
and Q Fis the polar of T. 



Hence 
therefore 



TXUZ is harmonic ; 
MFVC is harmonic. 
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ThiB determines F, and joining QV, we obtain the 
poinfi of contact F. 

Then, joining F(7and YF, Zand X are obtained, and 
X', Yi Z* being points of contact, we have five points, and 
can describe the conic by the construction of Art. (221), or 
by that of Art. (228). 

Since either C or D may be taken with F or G, there 
ore in general four solutions of the problem. 

226. Pbop. XIII. To describe a conic, having given 
four points and one tangent. 

Let Af B, O, D be the given points, and complete the 
quadrilateral 




Then ^is the pole of FG, and if the given tangent JTL 
meet FG in JfT, F is on the polar of K; therefore the other 
tangent through JT forms an harmonic pencil with KF, 
KI^KE. 

Hence two tangents being known, and a point J? in the 
chord of contact, if we find two points P, P' in -4, 5, such 
that JTP, KP' are harmonic with KA, KB, and also with 
KLy KL\ we shall have two chords of contact EP, EP', 
and therefore two points of contact for KL and also 
for KL*. 

Hence two conies can be described. 

"We observe that if two conies pass through four points, 
their common tangents meet on one of the sides of the self- 
conjugate triangle EFG. 
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2S7. Pbop. XIV. Oinen/our tangents and ens poiniy 
to construct the conic. 

Let ABGD be the giren circomscribing^ qnadrilatenl, 
and j^the giren point Completing the figure, draw LEF 




through JB^and F^ and complete the harmonic rango LEFE\ 
then, since jP is the pole of HG^ Art (197), j^' is a point in 
theoonio. 

Also since KS& the pole of FA^ Art 199, the chord of 
contact of the tangents AB, AD^ passes through £r. 

Hence the construction is the same as that of Art 226, 
and there are two solutions of the problem. 

228. Paop. XV. Given five points^ to construct ilu 
conic. 

Let Ay B, O, A F be the five points, and complete the 
quadrilateral ABCD. 

Then H\a the pole of FG^ and FG passes through th^ 
points of contact P, Q of the tangents from H. 

Join HE, cutting FG in JT, and complete the harmonio 
range HEKE^; then jE^' is a point in the conic. 

Also AEj BE' will intersect FG in the same point /» 
and E'A, EB will also intersect FG in the same point 6'> 

I 
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But OPFQ and G'PF'Q are both harmonic ranges, 
therefore P and Q are the foci of an involution of which 
Fy G and F\ Q' are pairs of conjugate points. 




Hence, finding these foci, P and Q, the tangents HP^ 
HQ are known, and the case is reduced to that of Prop. YII. 

Hence only one conic can be drawn through five points. 

229. Prop. XVL Oivenjlw tangenUy to find the points 
of contact. 

Let ABODE be the circumscribing pentagon. Con- 




sidering the quadrilateral FBCD, join FCy BD meeting 
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Then, (Art 199), JT is the pole of the line joming the 
intersections of FB, CD, and of FD, BO; that ia, the 
diords of contact otBF, CD, and oiBC, FD meet in JT. 

Similarly if BG, ACvkwi in L, the chords of contact (tf 
AB, CG, and otBC, AG meet in L. 

Hence KL is the chord of contact of AB, CI>^ and 
therefore determines 3f , N the points of contact. 

Hence it will be seen that only one conic can be drawn 
touching fife lines. 



CHAPTER Xn. 

THE OBLIQUE CYLINDER, THE OBLIQUE CONE. 
AND THE CONOIDS. 



230. Def. If a straiglit line, which is not perpendi- 
cular to the plane of a given drde, move parallel to itself^ 
and always pass through the circumference of the circle, 
ihe surface generated is called an oblique cylinder. 

The line through the centre of the circolar base, parallel 
to the generating lines, is the axis of the cylinder. 

It is eyident that any section by a plane parallel to the 
axis consists of two parallel lines, and that any section by 
a plane parallel to the base is a circle. 

The plane through the axis perpendicular to the base 
is the principal section. 

The section of the cylinder by a plane perpendicular 
to the principal section, and inclined to the axis at the 
same angle as the base, is called a subcontrary section. 

231. Fbop. I. The subcontrary section qf an oblique 
cylinder is a circle. 

The plane of the paper being the principal plane and 
APB the circular base, a subcontrary section is DPE, the 
angles BAE^ DEA being equal 

Let PQ be the line of intersection of the two circles ; 

then PN. NQ or PN^=BN . NA. 
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Bat NB=ND,mdNA==NE; 




.\PN.NQ=DN.NE, 
and DPE is a circle. 

232. Pbop. II. The section qfan oblique eylinder by 
a plane which %9 not parallel to th^ base or to a mbeon- 
trary section is an ellipse. 

Let the plaue of the section, DPE, meet any circular 
section in the line PQ, and let AB be that diameter of the 




circular section which is perpendicular to PQ, and bisect 
PQ in the point F. 

Let the plane through the axis and the line^S cat the 
section DPE in the Ime DFE. 



Then 



PF^^AF. FB. 
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But if DEhe bisected in C, and GKC bo the cinmlar 
section through C parallel to APB, 

AF : fD :: CG : CD, 

and FB : FE :: CG : CD; 




/. ^-F. /'^ : DF. FE :: (76?« ; CD^ ; 

hence, observing that CG=CK, 

PF^ : DF. FE :: CK^ : C2)«, 

But^ if a series of parallel circular sections be drawn, 
PQ is always parallel to itself and bisected by DE ; 

Therefore the curve DPE is an ellipse, of which CD9 
CiTare conjugate seipi-diametera. 

233. DsF. If a straight line pass always through a 
fixed point and the circumference of a fixed circle, and if 
the fixed point be not in the straight line through the 
centre of the circle at right angles to its plane, the surface 
generated is called an oblique cone. 

The plane containing the vertex and the centre of the 
base, and also perpendicular to the base, is called the prin- 
cipal section. 

The section made by a plane not parallel to the base, 
but perpendicular to the principal section, and inclined to 
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the generating lines in that section at the same an^es as 
the base, is called a subcontrary section. 

234. Prop. III. The eubcontrary tectum qf an ob- 
lique cone is a circle. 

The plane of the paper being the principal section, let 




APB be parallel to the base and DP En subcontrary sec- 
tion, so that the angle 

ODE=^OAB, 

and OED^OBA. 

The angles DBA^ DEA being eqoal to each other, a 
circle can be drawn through BDAE, 

Hence, if PNQ be the line of intersection of the two 
planes, 

DN.NE=BN.NA, 

=PN.NQ; 

therefore DPE is a circle. 

And all sections by planes parallel to DPE are circles. 

Planes parallel to the base, or to a subcontrary sec- 
tion, are called also Cyclic Planes. 



and ike Conoida. 237 

236. Prop. IV. The section of a cone bp a plane not 
parallel to a cydic plane U an EUipWy Parabola^ or Hy- 
9erbol€^ 

(1) Lot the section, DPE, meet all the generating 
lines on one side of the vertex. 




Let any circular section cut DPJ3 in PQ, and take 
^^ the diameter of the circle which is at right angles to, 
and bisects PQ. 

The plane OAB will cut the plane of the section in a 
line DNE. 

Draw OK" parallel to DE and meeting in JT the plane 
of the circular section through D parallel to APB, and 
join DK, meeting OE in F, 

Then AN : ND :: KD : OK, 

and BN : NE :: KF : 0K\ 

therefore AIT, NB : DN . NE :; KD.KF: OK}, 

or Pm : DN. NE :: KD,KF: OKK 

But if a series of circular sections be drawn the linos 
PQ will always be parallel, and bisected by DE; 
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Therefore the cnrre DPE is an ellipse, having DE for 
a diameter, and the conjugate diameter parallel to PQ, 
and the squares on these diameters are in the ratio of 

(2) Let the section be paraUel to a tangent plane of 
the cone. 

If OB be the generating line along which the tangent 
plane touches the cone, and BT the tangent line at ^ to a 




circolar section through By the line of intersection PQ 
will be parallel to BT, and therefore perpendicular to the 
diameter BA through B, 

Let the plane BOA cut the plane of the section in DN. 

Then drawing DK parallel to AB^ 

BN=^KD, 

and AN : ND :: KB : OK; 

therefore AN. NB : NB . KB :: KD : OK, 

or PN^ xND.KB :: KD : OK, 

and KB, OK being constant, the curve is a parabola 
having the tangent at B parallel to PQ. 
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If the plane oi the section meet both branches of the 




cone, make the same construction as before^ and we shall 
obtain, in the same manner as for the ellipse, 

PIP : DN. NM :: DK . KF : OE?y 

OJJT being parallel to 2>^. 

Therefore, since the point iVis not between the points 
D and E^ the carve DP is an hyperbola. 

Conoida, 

23^. DBF. ^ a (Sonic revolve about on€ qf its princi- 
pal aaeSf the surface generated is called a conoid. 

If the conic be a drcio, the conoid is a sphere. 

If the conic be an ellipse^ the conoid is an oblate or a 
prolate spheroid according as the revolution takes place 
about the conjugate or the transverse axis. 

If it be an hyperbola the surface is an hyperboloid of 
one or two sheets, according as the revolution takes place 
about the conjugate or transverse axis, and the surface 
generated by tiiie asymptotes is called the asymptotic cone. 

If the conic consist of two intersecting straight lines, 
the limiting form of an hyperbola, the revolution will be 
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about one of the lines bisecting the angles between them, 
and the conoid will then be a right circular cone. 

237. Prop. V. A neetion of a paraboloid by a plane 
parallel to the axis u a parabola equal to the generating 
parabola, and any other section not perpendicular to the 
aarie is an ellipse. 

Let PFNhe a section parallel to the axis, and take 




the plane of the paper perpendicular to the section and 
cutting it in FN, 

Take any circular section DPB, cutting the section 
PVNmPNF'. 

Then PN is perpendicular to DJS, 

and Pm^DN. NE 

=DC^-NC^ 
^^AS . AC-^S . An 
^4AS. VN; 

therefore the carve VP is a parabola equal to EAD. 

Again, let BPF be a section not parallel or perpendi- 
cular to the azis^ but perpendicular to the plane of the 
I)apor; 
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Then, BN.NF=^G, FN, 00 being the diameter 
bisecting BF; 

therefore PN^ : BN . NF :: A8 : SG, 

and the cunre BPN is an ellipse. 

Moreoyer if the plane BF move parallel to itself, SO 
is unaltered, and the sections by parallel planes are HmU 
lar ellipses. 

In exactly the same manner, it may be shewn that the 
oblique sections of spheroids are ellipses, and those of hy- 
perboloids either ellipses or hyperbolas. 

238. Prop. VI. Hie sections of an hyperhoUnd and 
its asymptotic cone by a plane are similar curves. 

Taking the case of an hyperboloid of two sheets, let 
DPF, dP'fy be the sections of the hyperboloid and cone, 




P'PN the line in which their plane is cut by a circular sec- 
tion Gfpg' or ^P'A;. 

Through 2> draw LBl perpendicular to the axis ; then, 
^mo&PN^^ON.NK, 

B. 0. S. 16 
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Mid P'N^^gN.Nk, 

P'N^ : dN. Nf :: gN, Nk : dN . Nf, 

:: LD.ID : Dd.Df, 

:: BC^ : C^ 
ISCEhe the Bemidiameter paiaUel to DF; 
and PN^ : DN. NF :: GN. NIT : DN. NF 

:: BC^ : CE^; 

therefore the curves DPF, dPf have their axes in tlic 
same ratio, and are similar ellipses. 

In the same manner the theorem can be established if 
the sections be hyperbolic, or if the hyperboloid be of one 
sheet. 

239. Pbop. YII. If an hyperholoid of one sheet h 
cut by a tangent plane of the asymptotic emie, the sectiou 
tcUl camist of ttoo parallel straight lines. 

Let AQ, A'Ql be a section through the axis, CN the 
generating line, in the plane AQy along which the tangeLC 




plane touches the cone ; and PNP* the section with this 
tangent plane of a circudar section Q,PQ[. 

Then PN'^^QN.NQf 

=-4(7*, Art. (102) ; 
therefore if BCR be the diameter, perpendicular to the 
plane CAQ, of the principal circular section, 
PN=BO and P'N^BV; 
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-therefore PB and P'iT' are each parallel to CN; that if, 
the section consists of two parallel straight lines. 

240. Pbop. VIII. The section qf an hyperbdoid qf 
one sheet by a plane parallel to its aans, and touching the 
central circular section, consists qftwo straight lines. 

Let the plane pass through A, and be perpendicolar to 
the radios CA of the central section ; fig. Art (239). 

The plane will cat the circular section QPQ^ in a Ime 
RLR, and 

RU^qL.LQ'^QM^^ACS 

if If be the middle point of QQ'. 

But QM^-AC^ : CM^ :: AC^ : BC*; 

therefore RL : AL :: AC : BC; 

hence it follows that AB is a fixed line ; and similarly AR' 
is also a fixed line. 

It will be seen that these lines are parallel to the sec- 
tion of the cone by the plane through the axis perpendicu- 
lar to C7^. 

241. Fbop. IX 1/ a conoid be cut by a plane, and 
if spheres be inscribed in the conoid touching the plane, 
the points qf contact qf the spheres with the plane will 
be the foci qf the section, and the lines qf intersection 
of the planes qf contact with the plane qf section will be 
the directrices. 

In order to establish this statement^ we shall first 
demonstrate the following theorem ; 

If a circle touch a conic in two points, the tangent 
from any point qf the conic to the circle bears a constant 
ratio to its distance from the chord qf contact. 

Take the case of an ellipse, the chord of contact being 
perpendicular to the transverse axis. 

If EME' be this chord, the normal EG is the radius of 

16—2 
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the dfde, and if PTbe a tangent from a point P of tlie 
«UipM, . 

=PNUNG^-EM^-MG^, 
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But EM^^Pm : Cm-CM^ :: BG^ i A(P, 
and CN^-CM^=MN{CM-^CJV). 

Let the normal at P meet the axis in G'; 
then I^G' : CN :: BC^ : ACS 

and J/G^ : CM :: JJC^ : ^(7*; 

therefore NG'+MG : CN^CM :: BG^ : AC\ 

Hence EM^^-PN^^MNiNG'+MG). 

Also NG^^MG^=MN{NG-¥MG); 
therefore PT^=MN{JVG+MG)-'MN{NG'-hMG) 
=MN,GG\ 

But CG : CM :: /S'C'S : ^C«. 
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»Tia CO' : CN :\ SC^ : AC*; 

thei-eforo GG' : MN :: SC^ : AC\ 

Hence PT^ : PL* :: .SC* ; AC% 

PL being equal to MN^. 

This being established let tlie figure revolve round the 
axis AG, and let a plane section ap of the conoid, per- 
pendicular to the plane of the paper, touch the sphere at S 
and cut the plane of contact EE^ in Ik, 

From a point p of the section let fall the perpendi- 
cular pm on the plane EE\ draw mk perpendicular to Ik, 
and join pk. 

Then pm : pk is a constant ratio. 

Also taking the meridian section through p, pS is 
equal to the tangent from p to the circular section of the 
sphere, and is therefore in a constant ratio to pm ; 

Hence Sp is to pk in a constant ratio, 
and therefore S is the focus and kl the directrix of the 
section ap. 

242. If the curve be a parabola focus aS'', the proof is as 
follows : 

PT*=PG'-EG^ 

^PN^+NG^-EM^-MG^ 

=MN(NG + MG)-4AS' . MN 

= MN{NG-^MG)-2MG . MN 

=MN^ 

It will be found that the theorem is also true for an 
hyperboloid of two sheets, and for an hyperboloid of one 
sheet, but that in the latter case the constant ratio of PT 
to PL is not that of tSC to AC. 

243. The geometrical enunciation of the theorem also 
requires modification in several cases. To illustrate the 
difficulty, take the paraboloid, and observe that if the 
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normal at E cuts the azb in G, and if O be the centre of 
curyatnre at A^ 

AO:>AO, 

and the radius of the circle is never less than AO. 

This shews that a circle the radius of which is less than 
AO cannot be drawn so as to touch the conic in two points. 

We may mention one exceptional case in whidi the 
theorem takes a simple form. 

In general 

E€P=EM*-\-MG*=^£r{AM-i'ASr) 

=AAS\S'G. 

Taking the point g between S' and 0, describe a drele 
centre g and such that the square on its radius =4Ai^. S'g. 

Also take a point F in the axis produced such that 
AF=Ogi 
it will then be found that the tangent from P to the circle 
will be equal to NF, 

When g coincides with S", the drcle becomes a pdfit, 
and AF=AS'; 

we thus fall back on the fundamental definition of a para- 
bola. 

It will be found that if the plane section of the conoid 
pass through S', the point /S' is a focus of the section. 
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244. If a circle roll on the innde qf tJie ctrcHmfer^ 
37ice of a circle qf double its radios, any point in t/ie area 
of the rolling circle traces out an ellipse. 

Let C be the centre of the rolling circle, F the point of 
contact 




Then, if the circle meet in Q a fixed radius OA of the 
fixed circle, the angle ECQ is twice the angle BOA and 
therefore the arcs JSQ, JSA are equal. 

Hence, when the circles touch at A, the point Q of the 
rolling circle coincides with A, and the subsequent path of 
Q is the diameter through A, 

Let P be a given point in the given radius CQ, and 
BPN perpendicular to OA ; 

Then, OQE being a right angle, EQ is parallel to RP 
and therefore CR = CP^ and OR is constant 
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Abo PN:RN::PQ :0E; 

therefore, the locus of B being a circle^ the locos of P is 
an ellipse, whose axes are as PQ : OR. 

Bat OB is clearly the length of one senu-axis, and PQ 
or OR is therefore the length of the other, OB^ OR b^ 
equal to 0C+ CP and OC-CP. 

246. Properties of the ellipse are dedudble from this 
construction. 

Thns, as the circle roUs, the point E is instantaneously 
at rest, and the motion of P is therefore at right angles to 
EP, i.e. producing EP to i^, in the direction FO. 

Therefore, drawing PT parallel to OF, PT is the taa- 
gent, and PF the normal 

A circle can be drawn through EPQT since EPT, 
EQTore right angles ; but the circle through QPE clearly 
passes through B; therefore the angle OBT is a right 
angle, and 

ON : OB :: OB : OT. 
or ON.OT=OB', 

a known property of the tangent 

Again if PF meet OQ in G, the angles PQG, FFQ 
are equal, being on equal bases EQ, OQ"; 

therefore PG : PQ :: PQ : PF, 

or PG.PF^PQ'^OB"^, 

a known property of the normal. 

246. A given straight line has its ends moveable on 
two straight lines at right angles to each other; the path 
qfany given point in the moving line is an ellipse. 

Let P be the point in the moving line AB, and C tbe 
middle point ofAB. 

Let the ordinate NP, produced if necessary, meet OG 
in Q; then CQ=CP and OQ is equal to AP, so that the 
locus of Q is a cirde. 



Also 



Appendix. 
PN : QN :: PB : OQ 
:: PB : PA; 
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therefore the locos of P is an ellipse, and its semi-axes are 
equal to AP and BP. 

247. From this construction also properties of the 
tangent and normal are deducibla 

Complete the rectangle OAEB; then, since the direc- 
tions of motion of A and^ are respectively perpendicular 
to EA and EB, the state of motion of the line AB may be 
represented by supposing that the triangle EAB is turn- 
ing round the point E. 

Hence it follows that EP is the normal to the locus of 
P and that P 7* perpendicular to EP is the tangent 

Let OF parallel to Pr meet EP in F; then since a 
circle can be drawn through OFBE, 

the angle PFB=EOB=PBG, 

and the triangles PGB, PFB are similar. 

Hence PG : PB :: PB : PF, 

or PG.PF=PB', 
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where PB is equal to the nemi-ooDJogate axis ; and, simi- 
larly, by joining AF, it can be shewn that Pg . PF=AT^y 
g being the point of intersection of PO and AO, 

Again, a circle can be drawn roand EQPB^ and, since 
EPT^ EBTaxe right angles, 7* is on this drde, and there- 
fore TQE is a right angle. 

Ilence OQiV, and OQT'are similar triangles, and 
ON : OQ :: OQ : OT, 
or ON, OT^AP", 

where AP is equal to tbo semi-transyerse axis. 

248. Observing that the circle circumscribing the rect- 
angle passes through F^ we have 

PF.PE=AP.PB; 

hence PE is equal to the semi-diameter conjugate to OP. 

This suggests another construction for the problem 
solved in Art. (216). 

Thus, if OPf OD be the given semi-conjugate diameters, 
draw Pi^ perpendicular to OD, and in FP produced, take 
PE equal to OD, 

Join OE, bisect it in (7, and take CQ equal to CP; 
then OA, OB drawn parallel and perpendicular to PQ, 
and meeting CP in A and Bj will be the directions of the 
axes, and their lengths will be equal to AP and PB, 

249. If a given triangle AQB move in its own plane 
90 that the extremities A, B, qf its base AB move on two 
fixed straight lines at right angles to each other, the path 
qf the point Q is an ellipse. 
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If O be the point of intersection of the fixed lines, and 
C7 the middle point of AB, 

the angles COB, CBO are eqnal, 

so that, as AB slides, the line CB, and therefore also the 
line CQf tarns round as fast as CO, but in the contrary 
d.irection. 

Produce OC to P, making CP= CQ ; then the locus of 
JF* is tk circle radius 00+ CQ. 




There is clearly one position of AB for which the points 
O, C, and Q are in one straight line. 

Let OX be this straight line, and let OC, CQ^ be any 
other corresponding positions of the lines ; 

then, if CE is parallel to OX, CE bisects the angle PCQ, 

and, drawing PQN and CL perpendicular to OX, 

QN=CL-PE, PN=CL + PE, 

hence QN : PN :: OC-CP : OC+CP 

:: OC-CQ : OC+CQ, 
and .*. the locus of Q is an ellipse of which the semi-axes 
ore OC+CQ and OC-CQ. 



MISCELLANEOUS PROBLEMS. 

L If PSF, QSQ^y be focal chorda of a conic, 
8P.8P'iSQ.8(^:: PP'i QQ'. 

2. If two straight lines drawn throagh any point intosect a 
conic, the ratio of the rectangles of the segments is the same as 
the ratio of the parallel focal chords. 

8. (JP and CD are conjugate semi-diameters of an ellipse ; 
PQ is a chord parallel to odo of the axes ; shew that DQ, is 
parallel to one of the straight lines which join the ends of the 



4. A line cuts two concentric, similar and similarly sita- 
ated ellipses in P, Q, q, p. If the line move parallel to itself, 
PQ.Qpia constant. 

5. If the ordinate NP of a conic be produced so that 
NQ=SP, find the locus of Q. 

6. If a circle be described passing through any point P of 
a given hyperbola, and the extremities of the transverse axis, 
and the ordinate NP be produced to meet the circle in Q, the 
locus of Q is an hyperbola. 

7. PQ is one of a series of chords inclined at a constant 
angle to the diameter AB ot^ circle; find the locus of the inter- 
section of -4P, jBQ. 

8. If from a point T in the director curcle of an ellipse, 
tangents TPf TF be drawn, the line joining T with the inter- 
section of the normals at P and P' passes through the centre. 

9. The points, in which the tangents at the extremities of the 
transverse axis of an ellipse are cut by the tangent at any point 
of the curve, are joined, one with each focus ; prove that the point 
of intersection of the joining lines lies in the normal at the point. 

10. Having given a focus, the eccentricity, a point of the 
curve, and the tangent at the point, shew that in general two 
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Gonios can be deiioribed. If the eeoeotiicity be leu than unity, 
shew that there ftre two positions of the tangent for whidi only one 
oonic can be described, and if the eccentricity be equal to unity, 
deaoribe the fonn assumed by one of the parabolas. 

11. A parabola is described with its focus at one focus of a 
given central conic, and touches the conic; prove that its directrix 
^ill touch a fixed circle. 

12. The extremities of the latera recta of all oonics which 
have a common transverse axis lie on two parabolas. 

13. OP, OQ touch a parabola at the points P, Q; anothel* 
Hne touches the parabola in H, and meets OP, OQiaS,T;ifV 
be the intersection of the lines PT, 8Q, 0,R, F are in a straight 
line. 

14. On all parallel chords of a circle a series of isosceles tri* 
angles are described, having the same vertical angle, and having 
their planes perpendicular to the plane of the circle. Find the 
locuB of their vertices ; and find what the vertical angle must be 
in order that the locus may be a circle. 

15. A series of similar ellipses whose major axes are in the 
same straight line pass through two given points. Prove that 
the major axes subtend right angles at four fixed points. 

16. From the centre of two concentric drcles a straight line 
is drawn to cut them in P and Q ; through P and Q straight 
lines are drawn parallel to two given lines at right angles to each 
other. Shew that the locus of their point of intersection is an 
ellipse. 

17. A circle always passes through a fixed point, and cuts a 
given straight line at a constant angle, prove that the locus of 
its centre is an hyperbola. 

18. The area of the triangle formed by three tangents to 8 
parabola is equal to one half that of the triangle formed by joining 
the points of contact 

19. If a parabola touch the rades of a triangle its directrix 
passes through the orthocentre. 

20. 8 and H being the foci, P a point in the ellipse, if HP 
be bisected in L, and ALhe drawn from the vertex cutting 8P 
in Q, the locus of Q is an ellipse whose focus is 8. 
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21. If the diAgonak of a quMlrilfttenl cucamacribiog an 
dHpte meet in the centre the qnadriUtend » a paraUelograBL 

S3. A leriee of ellipeee pan through the same point, and 
have a common focus, and their mi^r axes of the same leogth; 
jkrove that the Iocub of their centrw is a circle. What are the 
limita of the eccentridtiee of the ellipeei, and what does the 
ellipse become at the higher limit I 

23. If 5, J7 be the fed of an hyperbola, LL' any tangent 
intercepted between the aeymptotei SL,HL=CL. LL. 

24. Tangents are drawn to an ellipse from a point on a 
dmilar and similarly situated concentric ellipse ; shew tint if 
P, <2 be the points of contact. A, A' the ends of the axis of tib 
first ellipse, the led of the intersections of AP^ A'^ and of AQ, 
A'Pmre two ellipses similar to the given ellipses. 

25. Draw a parabola which shall touch four given straight 
lines. Under what condition is it possible to describe a parabola 
touching five given straight lines I 

26. A fixed hyperbola is touched by a concentric ellipee. If 
the curvatures at the point of contact are equal the area of the 
ellipse is constant. 

27. A circle passes through a fixed point, and cuts off equal 
chords AJBf CD from two given parallel straight lines; prove 
that the envelope of each of the chords AD, BC \b a central conie 
having the fixed point for one focus. 

28. Four points A, B, C7, D, are taken, no three of which lie 
in a straight line, and joined in every possible way ; and with 
another point as focus four conios are described touching respec- 
tively the sides of the triangles ABC, BCD, CDA, DAB-, prove 
that the four conies have a common tangent. 

29. PQ b any chord of a parabola, cutting the axis in Z, 
R, Bf are the two points in the parabola at which this chord 
subtends a right angle : if RB! be joined, meeting the axis in L\ 
LL' will be equal to the latus rectum. 

80. If the internal and external bisectors of the angle be- 
tween two tangents to a central conic meet the transverse axis 
in and T, shew that CO.CTjb constant. 

81. Three chords of a circle pass through a point on the 
circumference ; vrith this point as focus and the chords as axes 
three parabolas are described whose parameters are inversely 
proportional to the chords ; prove that the common tangents to 
the parabolas, taken two and two, meet in a point* 
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82. If PO, pg, the normals at the ends of a focal chord, 
n-tersect in 0, the straight line through parallel to Pp bisects 

33^ With the orthocentre of a triangle as centre are described 
tinro eUipees, one drcumscribing the triangle and the other touch- 
ing^ its sides; prore that these ellipses are similar, and theurhomo- 
logpua axes at right angles. 

34. An ellipse and a parabola^ whose axes are parallel, have 
the same curvature at a point P and cut one another in Q ; if the 
tangent at P meets the axis of the paiabola in T, prove PQ is equal 
to four times PT, 

35. A BCD IB a quadrilateral, the angles at A and (7 being 
equal ; a conic is described about ABCD so as to touch the cir- 
cumscribing circle of ABC at the point B; shew that BD is a 
cLiameter of the conic. 

36. The volume of a cone out off by a plane bears a con- 
stant ratio to the cube, the edge of which is equal to the minur 
axis of the section. 

37. A tangent to an ellipse at P meets the minor axis in U 
and (Q is perpendicular to 8Pi prove that SQ is of constant 
length, and that if PM be the perpendicular on the minor axis, 
Q^f will meet the major axis in a fixed point. 

38. Describe an ellipse with a given focus touching three 
given straight lines, no two of which are parallel and on the 
same side of the focus. 

89. Prove that the conic which touches the sides of a tri- 
angle, and has its 'centre at the centre of the nine-point circle, 
has one focus at the orthocentre, and the other at the centre of 
the circumscribing circle. 

40. From Q the middle point of a chord PF of an ellipse 
whose focus is 8^ QG is drawn perpendicukr to PP* to meet the 
major axis in G; prove that 2.SG : SP+SP' :: SA : AX. 

41. An ellipse and parabola have the same focus and direc- 
trix ; tangents are drawn to the ellipse at the extremities of the 
major axis: shew that the diagonals of the quadrilateral formed 
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hj the four points where these tangents cut tiie parabola inter- 
sect in the common focns, and pass through the eztremitiei of 
the minor axis of the ellipse. 

42. A straight rod moves in any manner hi a plane ; prove 
thati at any instant, the directions of motion of all its partida 
are tangents to a parabola. 

43. If from a point T on the auxiliary circle, two tangents 
be drawn to an ellipse touching it in P and Q, and wheu pro- 
duced meeting the circle again in p, q; shew that the angles 
P9p and QS^ are together equal to the supplement of P7^ 

44. Tangents at the extremities of a pair of conjugate dia* 
meters of an ellipse meet in T; prove that ST^ S'T meet the 
conjugate diameters in four points which lie on a circle. 

45. From the point of intersection of an asymptote and « 
directrix of an hyperbola a tangent is drawn to the curve, prove 
that the line joining the point of contact with the focus is parallel 
to the asymptote. 

46. If a string longer than the circumference of an ellipK be 
always drawn tight by a pendl, the straight portions being iaa* 
gents to the ellipse, the pencil will trace out a confoeal ellipse; 

47. D is any point in a rectangular hyperbola from which 
chords are drawn at right angles to each other to meet the curve' 
If P, Q be the middle points of these chords, prove that the drcle 
circumscribing the triangle PQD passes through the centre of the 
hyperbola. 

48. At any point of a conic the chord of curvature throngh 
the centre is to the focal chord parallel to the tangent as the major 
axis is to the diameter through the point. 

49. From a point T in the auxiliary circle tangents are 
drawn to an ellipse, touching it in P and Q, and meeting the 
auxiliary circle again in p and q ; shew that the angle pCq is 
equal to the sum of the angles PSQ, and PS'Q. 

50. The angle between the focal distance and tangtot at 
any point of an ellipse is half the angle subtended at the focus by 
the diameter through the point. 
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51. Tangents to au ellipse, foci S and Ej at the ends of a 
teal chord PHP' meet the further directrix in Q, Q\ The para- 
3la, whose focus is S^ and directrix PP', touches PQ, P'Q', in 
; Q' ; it also touches the normals at P, P\ and the minor axis, 
nd has for the tangent at its vertex the diameter parallel to 

52. iS is a fixed point, and E a point moving on the arc of a 
iven circle ; prove thaAhe envelope of the straight line through 
? at right angles to SE is a conic. 

53. A circle passing through a fixed point S cuts a fixed 
iircle io P, and has its centre at ; the lines which bisect the 
bngle SOP all touch a conic of which 5 is a focus. 

54. If a chord RPQy meet the directrices of an ellipse in 
R and F, and the circumference in P and Q, then RP and QV 
subtend, each at the focus nearer to it, angles of which the sum 
is eqiial to the angle between the tangents at P and Q. 

55. The tangent to an ellipse at P meets the directrix, cor- 
responding to 5, in Z : through Z a straight line ZQfi is drawn 
cutting the ellipse in Q, i2; and the tangents at Q, i2 intersect 
(on SP) in T, Shew that a conic can be described with focus 5, 
and directrix PZ, to pass through Q, R and T; and that TZ 
will be the tangent at T» 

56. A sphere is described about the vertex of a right cono 
as centre; the latera recta of all sections made by tangent planes 
to the sphere are equal. 

57. TP, TQ, are tangents to an ellipse at P and Q; one 
circle touches TP at P and meets TQ, in Q and Q', another 
touches TQ, at Q and meets TP in P and P'; prove that PQ' and 
QP' are divided in the same ratio by the ellipse. 

58. Two tangents are drawn to the same branch of a rectan- 
gular hyperbola from an external point ; prove that the angle^^ 
^hich these tangents subtend at the centre are respectively equal 
to the angles which they make with the chord of contact 

59. If the normal at a point P of an hyperbola meet the minor 
axis in g^ Pg will be to iSi^ in a constant ratio* 

B.C.S. 17 
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60. A paraboky foeoB 8, toaches the tluee sides of * tiungia 
4BC, bisecthig the base BO in i>; proye tiiat AS is a fourth pro- 
portional to AD, AB, uxdAC, 

61. An ordinate NP of an ellipse is produced to meet the 
auxiliary circle in Q, and normals to the ellipse and cirde at 
P and Q meet in B; BK, BL are drawn perpendiccdarto tfaeaxes; 
prove that KPL is a straight line, and also that KP=BC and 
LP=AC. • 

62. If the tangent at any point P cut the axes of a oooic, 
produced if necessary, in T and T, and if C7 be the centre of the 
eanre, prove that the area of the triangle TCT^ varies invenelt 
as the area of the triangle PON, where PN is the ordinate of P. 

63. The drde of curvature of an ellipse at P passes throogii 
the focus 8, 8M is drawn parallel to the tangent at P to meet 
the diameter of the ellipse in M', shew that it divides this dia- 
meter in the ratio of 3 : 1. 

64. Prove the following construction for a pair of tangents 
from any external point T to an ellipse of which the centre is Q: 
join CT, let TPCP'T a similar and similarly situated ellipse be 
drawn, of which OT is a diameter, and P, P' its points of inter- 
section with the given ellipse; TPy TP' will be tangents to the 
given ellipse. 

65. An ellipse and confocal hyperbola intersect in P : prove 
that an asymptote of the hyperbola passes through the point on 
the auxiliary cuxle of the ellipse corresponding to P. 

66. Through a fixed point a pair of chords of a circle are 
drawn at right angles : prove that each side of the quadrilatenl 
formed by joining their extremities envelopes a conic of which 
the fixed point and the centre of the circle are foci. 

67. A conic section is circumscribed by a quadrilateni 
ABCBx A is joined to the points of contact of CB^ CD; aod G 
to the points of contact of AB, AD : prove that BD is a diago- 
nal of itiQ interior quadrilateral thus formed. 

68. Any conic passing through the four points of intenec- 
tion of two rectangular hyperbolas will be itself a reotangdar 
hyperbola. 
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69. A focftl chord PSQ is drawn to & oonio of which in 
the centre; the tangents and normals at P and Q intersect in T 
and K respectiYely; shew that ST, 8P, SK, SC form an harmo- 
nic pencil. 

70. POP* is any diameter of an eHipse. The tangents at any 
two points D and JE intersect in F. PE, P'D intersect in G, 
Shew that FO is parallel to the diameter conjugate to PCP\ 

71. If the common tangent of an ellipse and its circle of cur- 
▼ature at P be bisected by their common chord, prove that 

CJ)^=AO.£C. 

72. A parabola and hyperbola have the same focus and direc- 
trix, and 8PQ is a line drawn through the focus 8 to meet the 
parabola in P, and the nearer branch of the hyperbola in Q; prove 
that PQ varies as the rectangle contained by SP and SQ, 

73. jS is the middle point of a chord PQ of a rectangular 
hyperbola whose centre is O. Through B, RQ\ RP are drawn 
parallel to the tangents at P and Q respectively, meeting CQ, 
CP in Q', P, Prove that a circle can be described about C^ P\ 

74. The tangents at two points Q, Q' of a parabola meet 
the tangent at P in J2, R' respectively, and the diameter through 
their point of intersection 2* meets it in JT; prove that PjB=i^iS', 
and that» if Qif, Q:M.\ TN be the ordinates of Q, Ql, T re- 
spectively to the diameter through P, PN is a mean proportional 
between PM and PW, 

75. Common tangents are drawn to two parabolas, which 
have a common directrix, and intersect in P, Q: prove that the 
chords joining the points of contact in each parabola are parallel 
to PQn and the part of each tangent between its points of con- 
tact with the two curves is bisected by PQ produced. 

76. An ellipse has its centre on a given hyperbola and 
touches the asymptotes. The area of the ellipse being always a 
maximum, prove that its chord of contact with the asymptotes 
always touches a similar hyperbola. 

77. A circle and parabola have the same vertex A and a 
common axis. BA'C is the double ordinate of the parabola 
which touches the circle at A\ the other extremity of the dia- 
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meter which pmam through A ; PP any other ordiiuite pf &e I 
pATftbola purallel to this, meeting the «zis in N and the cbori 
AB prodaoed in R : shew that the rectangle between KB aod 
RP' is proportional to the square on the tangent drawn from .Y 
to the circle. 

78. If two confocal conies interaect, prove that the centre 
of curyature of either curve at a point of intersection is the pole 
of the tangent at that point with regard to the other carve. 



79. Tangents are drawn at two points P, P' on an < 
If any tangent be drawn meeting those at P, P' in i2, iZ', sheir 
that the line bisecting the angle RSR' intersects KR on a fixed 
tangent to the ellipse. Find the point of contact of this tangent. 

80. Having given a fo^as and two tangents to a come, 
shew that the chord of contact passea through a fixed point. 

81. Having given a pair of conjugate diameters of an ellipfle, 
PCP*, DCD\ let PP be the perpendicular from P on CD, in P? 
take PE equal to GD^ bisect CE in 0, and on CE as diameter 
tiescribe a circle; prove that PO will meet the circle in two 
[)oini4 Q and R such that CQ, CR are the directions of the semi- 
axes, and PQ, PR their lengths. j 

82. If from any point A a straight line AEK be dnwn 
parallel to an asymptote of an hyperbola, and meeting the polar 
of il in iT and the curve in E, shew that AE^BK, 

83. The foci of all ellipses which have a common maximnn 
circle of curvature at a fixed point lie on a circle. 

84. A straight line is drawn through the angular point i 
of a triangle ABO to meet the opposite side in a; two points 
Of 0' are taken on Aa^ and CO, C& meet AB in e and c', and 
BOy BO' meet CA in 6, h' ; shew that a conic passing througii 
abb'cc will be touched by BC, 

85. If TPy TQ are two tangents to a parabola, and any 
other tangent meets them in Q and R, the middle point of QJR 
describes a straight line. 

86. Lines from the centre to the points of contact of two 
parallel tangents to a rectangular hyperbola and concentric eiick 
make equal angles with either axis of the hyperbola. 
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87. A line moyes between two lines at right angles so as to 
subtend a right angle and a half at a fixed point on the bisector 
of the right angle ; prove that it touches a rectangular hyperbola. 

88. Two cones, whose vertical angles are supplementary, 
are placed with their vertices coincident and their axes at right 
angles, and are cut by a plane perpendicular to a common gene- 
rating line ; prove that the directrices of the section of one cone 
pass through the fod of the section of the other. 

89. The normal at a point P of an ellipse meets the curve 
again in P', and through 0, the centre of curvature at P, the 
chord QOQf is drawn at right angles to PP' ; prove that 

QO.OQ: : PO.OP' :: 2.P0 : PP\ 

90. From an external point T, tangents are drawn to an 
ellipse, t!ie point of contact being on the same side of the major 
axis. If the focal distances of these points intersect in M and 
iV, TM; TN are tangents to a confocal hyperbola, which passes 
through M and N. 

91. A point moves in a plane so that the sum or difference 
of its distances from two fixed points, one in the given plane and 
the other external to it, is constant. It will describe a conic, 
the section of a right cone whose vertex is the given external 
point. 

92. QBy touching the ellipse at P, is one side of the 
parallelogram formed by tangents at the ends of conjugate 
diameters ; if the normal at P meet the axes in G and g, prove 
that QG and Rg are at right angles. 

93. If PP be a double ordinate of an ellipse, and if the 
normal at P meet CP in 0, prove that the locus of O is a similar 
ellipse, and that its axis is to the axis of the given ellipse in the 
ratio 

AC^-BC^ : AC^+B(P. 

94. If S7, HZ be focal perpendiculars on the tangent at 
P of an ellipse, and ST, KZ' perpendiculars on the tangents 
from P to a confocal ellipse, prove that the rectangle contained 
by YY',ZZ\ is equal to the difference of the squares on the semi- 
axes. 

95. If from any point P of an hyperbola perpendiculars 
PE, PF be let fall on the asymptotes, the centre of the oircle 
ctrcomscribing the triangle PEF is on a fixed hyperbola. 
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96. A oHoid of a oonio whose pole is T meets the directrices 
in JR and B^\ if SR and SR meet in Q, proTO that the minor 
axis bifleots TQ, 

97. On a parabola, whose focus is 5, three points Q, P, (f 
are taken such that the angles F8Q^ PS(^ are eqxuil; the 
tangent at P meets the tangents at Q, Q' in T, 2* : shew that 
TQ : TQf :; SQ : SQ'. 

98. If from any point P of a parabola perpendiculars P.V, 
PL are let fall on the axis and the tangent at the vertex, the 
line LN always touches another parabola. 

99. PQ is any diameter of a section of a cone whose vertex 
is F; prove that VP-\'VQ\a constant. 

100. From a fixed point are let fall perpendiculars 07, 
OZ on the tangent and normal at any point P of a curve ; and 
the straight line joining the feet of these perpendiculars passes 
through another fixed point C ; prove that the cuzre is one of 
a system of confocal conies. 

101. If the axes of two parabolas are in the same direction 
their common chord bisects their common tangents. 

102. If a chord PQ, of a parabola, whose pole is T, cut 
the directrix in F, the tangents from F bisect the angle PFT. 

103. A circle is described touching the aqrmptotes of an 
hyperbola and having its centre at the focus. A tangent to 
this circle cuts the directrix in JP, and has its pole with regard 
to the hyperbola at T, Prove that TF touches the circle. , 

104. Two conies have a common focus : their correspond* j 
ing directrices will intersect on their common chord, at a point | 
whose focal distance is at right angles to that of the intersection 
of their common tangents. Also the parts into which either 
common tangent is divided by their common chord will subtend 
equal angles at the common focus. 

If the conies are parabolas, the inclination of their axes will 
be the angle subtended by the conmion tangent at the common 
focus. 

105. Prove that a chord of a circle which subtends a right 
angle at a fixed point always touches a conic, whose focos is at 
that point. 
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106. Find the position of the normal chord which cuts off 
rrom a parabola the least segment. 

107. A system of conies have a common focus 8 and a 
Dommon directrix corresponding to iSf. A fixed straight line 
through S intersects the conies, and at the points of intersection 
Qonnals are drawn. ProTe that these normals are all tangents 
to a parabola. 

108. From the pmni in which the tangent at any point P 
of an hyperbola meets either asymptote perpendiculars Pif , PN 
are let fall upon the axes. Prove that MN passes through P. 

109. If two parabolas whose latera recta have a constant 
ratio, and whose foci are two given points 8, 8' have a contact 
of the second order at P, the locus of P is a circle. 

110. In the construction of Art. 216, prove that CJT and 
CK are respectively equal to the sum and difference of the semi- 
axes. 

111. If the diagonals of a quadrilateral circumscribing a 
conic intersect in a focus, they are at right angles to one 
another, and the third diagonsd is the corresponding direc- 
trix. 

112. Given a tangent to an ellipse, its point of contact, 
and the director circle, construct the ellipse. 

113. If the tangent at a point P of an ellipse meet the 
auxiliary circle in Qf, Bf, and if Q, i? be the corresponding i)oints 
on the ellipse, the tangents at Q and R pass through the point 
P' on the' auxiliary circle corresponding to P. 

114. If two ellipses have one common focus 8 and equal 
major axes, and if one ellipse revolves in its own plane about 
8, the chord of intersection envelopes a conic confocal with the 
fixed ellipse. 

115. If a rectangular hyperbola be intersected by a circle 
of any radius whose centre is at a fixed point on one of the axes 
of the curve, the lines joining the points of intersection are 
either parallel to an axis, or tangents to a fixed parabola. 

116. OP, CD are semi-conjugate diameters of an ellipse ; 
if the circles of curvature at P and D meet the curve again in 
Q and JR, QD is parallel to PB, 
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117, . The tangent at the point P of an hyp^bola meeti 
the diieotrix in Q ; another point R is taken on the dizectni 
such that QR subtends at the focus an angle eqn&l to that 
between the transverse axis and the asymptote ; prove that iZP 
envelopes a parabola. 

118. The tangent at any point P of an ellipse meets the 
axis minor in T and the f ooal distances SP, HP meet it in 12, r. 
Also ST; HTf produced if necessaiy, meet the normal at P ia 
Q, 9, respectively. Prove that Qr and qR are parallel to the 
axis major. 

' 119. Two points describe the circumference of an ellipse, 
with velocities which are to one another in the ratio of the 
squares on the diameters parallel to their respective directions 
of motion. Prove that the locus of the point of intersection of 
their direotioiis of motion will be an ellipse, confocal with the 
given one. 

120. If A A' be the axis major of an elliptic section of a^ 
cone, vertex F, and if -4(7, A'O' perpendicular to AV, A'Vmeei 
the axis of the cone in G and 0\ and GO, G'O' be l^e perpen- 
diculars let fall on AA\ prove that and 0' are the centres of 
curvature at A and A'. 

121. By help of the geometry of the cone, or otherwise, 
prove that the sum of the tangents from any point of an ellipse 
to the circles of curvature at the vertices is constant. 

122. If two tangents be drawn to a section of a cone, and 
from their intersection two straight lines be drawn to the points 
where the tangent plane to the cone through one of the tangents 
touches the focal spheres, prove that the angle contained hj 
these lines is equal to the angle between the tangents. 

123. A parabola touches the three lines CB, CA^ AB in 
P, Q, 12, and through R a line parallel to the axis meets EQ in 
E; shew that ABEC is a parallelogram. 

124. If a conic be inscribed in a quadrilateral, shew that the 
locus of its centre is a straight line. 

Shew also that this line passes through the middle points of 
the diagonals. 

125. If two circles be inscribed in a conic, and tangents be 
drawn to the circles from any point in the conic, the sum or 
difference of these tangents is constant, according as the point 
does or does not lie between the two chords of contact. 
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Poet Svo. 58. With Index Yerbonun, 6a. 
A History of Boman Literature. By W. S. Tenffel, Professor at 

tlM Unirersity of Tafaingen. By W. Wagnw, PIlD. 2 toIb. DemySTO. 2U 
Student's Guide to the University of Cambridge. 4th Edition 

reyised. Foap. 8yo. Part 1, 2s. 6d. ; Parts 2 to $, Is. each. 



CLASSICAL TABLES. 

I«ttn Aooldence. By the Bey. P. Frost, M.A. Is, 

lAtln Verslfloation. U, 

Notabilia Quredam ; or the Principal Tenses of most of the 
Irregnlar Oreek Verbs and Elementary Greek, Latin, and French Gon- 
stmction. New Edition. Is. 

Blohmond Rules for the Ovldian Distioh, &o. By J. Tate, 

tf.A. Is. 

The Principles of Latin Syntax. Is, 

Greek Verbs. A Catalogue of Verbs, Irregular and Defective ; their 
leading formations, tenses, and inflexions, with Paradigms for conjugation, 
BiileB for formation of tenses, &c. &c. By J. B. Baird, T.O.D. 2a. 6d. 

Greek Accents (Notes on). By A. Bany, D.]>. New Edition. If. 

Homeric Dialect. Its Leading Forms and Peculiarities. By J. S. 

Baird, T.O.D. New Edition, by W. Gt. Rutherford. Is. 
Greek Accidence. By the Bev. P. Frost, M.A. New Sdition. It. 



CAMBRIDGE MATHEMATICAL SERIES. 

Algebra. Choice and Chance. By W. A. Whitworth, M.A. 3rcl 
Edition. Gs. 

XucUd. Exercises on Euclid and in Modern Geometry. B; 

J. McDowell, H.A. 3rd Edition. 6s. 
Trigonometry. Plane. By Bev. T. Vyvyan, M.A. 3s. 6d. 
Conies. The Geometry of. By C. Taylor, D.D. 4«. 6d. 
Solid Gheometry. By W. S. Aldis, M.A. 3rd Edition. «e. 
Bigid Dynamics. By W. S. Aldis, M.A. 4s. 

-nentary Dynamics. By W. Garnett, M.A. 3rd Edition. 65. 
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.-b. An Elementary Treatise. By W. Garnett, M.A.. 2nd Edit. 

is. 6d. 

Lromechanios. By W. H. Besant, M.A., F.B.S. 4th Edition. 

[In theiyress. 

^lianics. Problems in Elementary. By W. Walton, M.A. 65. 



CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 

Series of Elementary Treati$e$ for the use of Students in the 

Universities i Schools^ and Candidates for the Public 

Examinations, Feap. Svo, 

Ltlimetio. ByBeT.G.Elsee,M.A. Fcap. 8yo. 10th Edit. 3^.6^. 
Sebra. By the Bey. G. Elsee, M.A. 6th Edit. 4s. 
Ltlixnetio. By A Wrigley, M.A. 3«. 6(2. 

A Progressive Course of Examples. With Answers. By 

J. Watson, M.A. 5th Edition. 28.6<1. 
gebra. Progressive Conrse of Examples. By Bev. W. F. 

M*Michael,MA.,and E.Prowde Smith, M.A. 2nd Edition. Zs.6d. With 

Answers. 48. 6d. 

BUie Astronomy, An Introdaction to. By P. T. Main, M.A. 

4th Edition. 48. 
>iiic Sections treated Geometrically. By W. H. Besant, M.A. 

4th Edition. 48. 6d. Solution to the Examples. 48. 
Lementary Ck>xiio Sections treated Geometrically. By W. H. 

Besant, H.A. lln the Press. 

Atics, Elementary. By Rev. H. Goodwin, D.D. 2nd Edit. 3s. 
ydrostatics, Elementary. By W. H. Besant, M.A. 10th Edit. 4*. 
tensTiration, An Elementary Treatise on. By B. T. Moore, M.A. Qs, 

ewton's Prinoipia, The First Three Sections of, with an Appen- 
dix; and the Ninth and Eleventh Sections. By J. H. Eyana, M.A. 5th 
Edition, by P. T. Main, M.A. 48. 

rigonometry, Elementary. By T. P. Hudson, M.A. d«. 6d. 

fptica, Geometrical. With Answers. By W. S. Aldis, M.A. 85. 6d. 

jialytloalGheometry for Schools. ByT.G.Vyvyan. 3rd Edit. 4s.6rf. 

treek Testament, Companion to the. By A. G. Barrett, AM. 

4th Edition, revised. Fcap. 8to. Sa. 
look of Common Prayer, An Historical and Explanatory Treatise 

on the. By W. G-. Humphry, B.D. 6th Edition. Fcap. Svo. 48. 6d. 
ffusio, Text-hook of. By H. C. Banister. 10th Edit, revised. 5s, 

Concise History of. By Kev. H. G. Bonavia Hunt, B. Mus. 

Ozon. 5th Edition revised. 3s. 6d. 



ARITHMETIC AND ALGEBRA. 

See foregoing Series, 
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GEOMETRY AND EUCLID. 

EuoUd. The First Two Books explained to Beginners. By C.P. 

Mason, B.A. 2iid Edition. Fcap Sro. 2s. 6d. 
The Enunciations and Figures to EuoUd's Elements. Bj Ben 

J. Brasse, D.D. New Edition. Fcap.Svo. Is. On Cards, in case, 5e. fii 

Withont the Figures, 6d. 
Szeroisea on Euclid and in Modem Geometry. By J. McDov^ 

B.A. Grown 8to. 8rd Edition revised. 68. 
Geometrical Conic Sections. .By W. H. Besant, M.A. 4th Edit 

48. 6d. Solution to tlie Examples. 4». 

Elementary Geometrical Ck>nio Sections, By W. H. Benutf, 

M.A. [;intfa«pT« 

Elementary Geometry of Conies. By C. Taylor, D.D. 3rd Edit 

8vo. 4s. 6d. 
An Introduction to Ancient and Modem Geometry of Conies. 

By C. Taylor, M.A. 8to. 15«. 
Solutions of Geometrical Problems, proposed at St Jdm'i 

GoUege from 1830 to 1846. By T. Oasldn, M.A. Sro. 12s. 

TRIGONOMETRY. 

Trigonometry, Introduction to Plane. By Eev. T. G. Vyryan, 

Gbarterhouse. Cr. 8vo. 3s. 6d. 
Elementary Trigonometry. By T. P. Hudson, M.A. B$, 6^2. 
An Elementary Treatise on Mensuration. By B. T. Moore, 

M.A. 58. 

ANALYTICAL GEOMETRY 

AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tumbull, M.A. 8vo. 12s. 
Problems on the Principles of Plane Co-ordinate Geometrj. 

By W. Walton* M.A. Sro. 16c. 
Trilinear Co-ordinates, and Modem Analytical Geometry of 

Two Dimensions. By W. A. Wliitworth, M.A. 8vo. 16s. 
An Elementary Treatise on Solid Geometry. By W. S. Aidis, 

M.A. 2nd Edition revised. Svo. 84. 

Elementary Treatise on the Differential Calculus. By M. 

O'Brien, M.A. Svo. lOs. 6d. 
Elliptic Functions, Elementary Treatise on. By A. Cayley,M.A. 
Demy Svo. 15s. 

MECHANICS & NATURAL PHILOSOPHY. 

Statics, Elementary. By H. Goodwin, D.D. Fcap. 8vo. 2nd 

Edition. Ss. 
Dynamics, A Treatise on Elementary. By W. Gamett, MJL. 

3rd Edition. Crown Svo. 6«. 

Elementary Mechanics, Problems in. By W. Walton, M.A. New 
Edition. Crown Svo. 63. 

Theoretical Mechanics, Problems in. By W. Walton. 2nd Edit, 
revised and enlarged. Demy Svo. 16«. 
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Hydrostatics. ByW.H.Besant,M.A. Fcap.Svo. 10th Edition. 4#. 

HydromechEuaics, A Treatise on. By W. H. Besant, M.A., F.E.S. 

8vo. 4tli Edition, revised. [rmmediotely. 

Dynamics of a Particle, A Treatise on the. By W. H. Besant, M. A. 

[Preparwg, 
Optics, Geometrical. By W. S. Aldis, M.A. Fcap. 8vo. 3«. 6d. 
Double Refraction, A Chapter on Fresners Theory ol. By W. S. 

Aldis, M.A. 8vo. 2*. 

Heat, An Elementary Treatise on. By W. Gamett, M.A. Crown 
8vo. 2nd Edition revisod. 38. Qd. 

Newton's Frinclpia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.A. 5th 
Edition. Edited by P. T. Main, M.A. 48. 

Astronomy, An Introduction to Plane. By P. T. Main, M,A. 

Fcap. 8vo. cloth. 48. 
Astronomy, Practical and Spherical. By R. Main, M.A. 8vo. 14#. 

Astronomy, Elementary Chapters on, from the * Astronomic 
Physique' of Biot. By H. Goodwin, D.D. 8vo. Ss. 6d. 

Pure Mathematics and Natural Philosophy, A Compendium ol 
Facts and Formnlsa in. By G. B. Smalley. 2nd Edition, revised hy 
J. McDowell, M.A. Fcap. 8vo. %. 6d. 

Elementary Course of Mathematics. By H. Goodwin, D.D. 

6th Edition. 8vo. 168. 
Problems and Examples, adapted to the * Elementary Course ol 

Mathematics.' 3rd Edition. 8vo. Ss. 
Solutions of Goodwin's Collection of Problems and Examples. 

By W. W. Hutt, M.A. Srd Edition, revised and enlarged. 8vo. Oc. 
Pure Mathematics, Elementary Examples in. By J. Taylor. 9yo. 

78. 6d. 
Mechanics of Construction. With numerous Examples. By 

S. Fenwiok, F.R.A.S. dvo. 128. 
Pure and Applied Calculation, Notes on the Principles of. By 

Bev. J. Ghallis, M.A. Demy 8vo. 158. 
Physics, The Mathematical Principle of. By Bey. J. Challis, M.A* 

Demy 8vo. 58. 



TECHNOLOGICAL HANDBOOKS. 

Edited by H. Tbueman Wood, Secretary of the 
Society of Arts. 

1. Dyeing and Tissue Printing. By W. Crookes, F.B.S. 

\In the press. 

2 . Glass Manufacture. By Henry Chance, M.A. ; H. J. Powell, B. A. ; 

and H. G. Harris. [Immediately. 

3. Cotton Manufacture. By Bichard Marsden, Esq., of Man- 

chester. [Prepanng. 

4. Telegraphs and Telephones. By W. H. Preece, F.B.S. 

[Preparing. 

5. Iron and Steel. By Prof. A. K. Huntington, of King's CoUejge, 

[Prepfl- ' 
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HISTORY, TOPOGRAPHY, &c. 

Boiiia and the Campagna. By R Bum, M.A. With 85 En- 
grayiiigB and 26 Maps and Flans. With Appendix. 4to. 31. 3s. 

Old Rome. A Handbook for Travellers. By B. Burn, M.A. 
With Mapf and Flans. DemjSro. 10s. 6d. 

Modem Eiurope. By Dr. T. H. Dyer. 2nd Edition, revised and 
oontinnttd. 5 yoIs. Demj Bro. 21. 12s. 6<Z. 

The HlBtory of the Kings of Borne. ByDr.T.H.Dyer. 8yo.l6i. 

Tha HiBUxty of Pompeii: its Buildings and Antiquities. By 
T. H. Dyer. 8rd Edition, brought down to 1874. Post Svo. 7s. 6d. 

Aaolent Athens: its History, Topography, and Bemains. Bj 
T. H. Dyer. Snper-royal 8vo. Oloth. 11. 5s. 

Tlio DeoUne of the Roman Republio. By G. Long. 5 vols. 
8yo. 14s. each. 

▲ Elstory of England during the Early and Middle Ages. By 

0. H. Pearson, M.A. 2nd Edition revised and enlarged. Svo. YoL L 
16i. Vol. n. 14s. 

Btatorioal Haps of England. By C. H. Pearson. Folio. 2iid 
Edition rerised. 31s. 6d. 

History of England, 1800-15. By Harriet Martinean, with new 
and copious Index. 1 toI. Ss. 6d. 

History of the Thirty Years' Peaoe, 1815-46. By Hankt Mar- 
tineav. 4 vols. Ss. 6d. each. 

▲ Fraotioal Synopsis of English History. By A. Bowes. 4tb 

Edition. Svo. 2s. 

Student's Text-Book of English and General History. By 
D. Beale. Grown 8to. 28. 6d. 

Idyes of the Queens of England. By A. Strickland. Library 
Edition, 8 vols. 78. &d. each. Cheaper Edition, 6 vols. 5s. each. Abridged 
Edition, 1 vol. Cs. 6d. 

Bglnhard's Life of Karl the Great (Charlemagne). Translated 
•with Notes, by W. Glaister, M.A., B.O.L. Grown Svo. 48. 6d. 

Outlines of Indian History. By A. W. Hughes. Small post 
8vo. 38. 6d. 

The Elements of Q^neral History. By Prof. Tytler. Nev 
Edition, brought down to 1874. Small post 8ve. 3s. 6d. 

ATLASES. 

An Atlas of Classical Geography. 24 Maps. By W. Hagbes 
and G. Long, M.A. New Edition. Imperial 8vo. 128. 6d. 

A Grammar-School Atlas of Classical Geography. Ten Maps 
selected from the above. New Edition. Imperial Svo. 5s. 

First Classical Maps. By the Bev. J. Tate, M.A. 8rd Edition. 
Imperial Svo. 7s. 6d. 

«*andard Library Atlas of Classical Geography. Imp. 870. 7«. 6d. 
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PHILOLOGY. 

"WEBSTER'S DICTIONARY OF THE ENGLISH LAN- 
GUAGE. With Dr. Malm's Etymology. 1 vol., 1628 Pages, 3000 Illus- 
trations. 21s. With Appendices and 70 additional pages of lUnstra- 
tions, 1919 Pages, Sis. 6d. 
* Ths best tKkCTicAL E VGLZSH DiCTiosTABT mxxASt.'—Qmrterly Sevimo, 1873. 
Prospeotnaes, ynth specimen pages, post free on application. 
ITew Diotionary of the English Language. Combining Explan- 
ation with Etymology, and copiously illustrated by Quotations from the 
best Authorities. By Dr. Richardson. New Edition, with a Supplement. 
2 Yols. 4to. 41. 148. 6a.; half russia, 51. 15s. 6el.; russia, 61. 12s. Supplement 
separately. 4to. 128. 

AnSvo. Edit, without the Quotations, 15s.; half russia, 208.; russia, 248. 
Supplementary English G-lossary. Containing 12,000 Words and 

Meanings oocnrring in English Literature, not found in any other 
Dictionary. By T. L. O. Dayies. Demy 8vo. 168. 

Folk-Etymology. A Dictionary of Corrupted Words. By Eev. 

A. S. Palmer. [^Immediately. 

Brief History of the English Language. By Prof. James Hadley, 

LL.D., Yale College. Feap. 8vo. Is. 
Tbe Elements of the English Language. By E. Adams, Ph.D. 

15th Edition. Post 8vo. 48. 6d. 
Pbllologioal Essays. By T. H. Key, M.A., F.R.S. 8vo. 10s, 6d. 
XAnguage, its Origin and Development. By T. H. Key, M.A, 

F.R.S. Svo. 14s. 

SyBonyms and Antonyms of the English Language. By Arch- 
deacon Smith. 2nd Edition. Post Svo. 58. 

Synonyms Discriminated. By Archdeacon Smith. Demy 87a 16«. 

Bible English. By T. L.*0. Davies. 58. 

The Queen's English. A Manual of Idiom and Usage. By the 
late Dean Alf ord 6th Edition. Fcap. 8to. 5s. 

Stymological Glossary of nearly 2500 English Words de- 
rived from the Greek. By the Rev. E. J. Boyce. Fcap. Svo. 3s. 6d. 

A Syrlac Grammar. By G. PhiUips, D.D. 3rd Edition, enlarged. 
8vo. 78. 6d. 

|L Grammar of the Arabic Language. By Bev. W. J. Beau- 
mont, M.A. 12mo. 78. 



DIVINITY, MORAL PHILOSOPHY, &c. 

Novum Testamentum GraBCum, Textus Stephanici, 1660. By 
F. H. Scrivener, A.M., LL.D., D.C.L. New Edition. 16mo. 48. 6d. Also 
on Writing Paper, with Wide Margin. Half-bound. 12s. 

By the same Author. 
Oodez Bez88 Cantabrigiensis. 4to. 26$. 

A Pull Collation of the Codex Sinaiticus with the Eeoeived Text 
of the New Testament, with Critical Introduction. 2nd Edition, revised. 
reap. Svo. 58. 
A Plain Introduction to the Criticism of the New Testament 
With Fortnr Eaosimiles from Ancient Manuscripts. 3rd Edition. Svo. 

lln the press. 

Six Lectures on the Text of the New Testament. For English 
Beaders. Crown Svo. 68. 
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The Hew Testament for VingHah Beaden. By the late H. Alford, 
D.D. 7oL I. Part I. 3rd Bdit. 12s. Vol. I. Part II. 2nd Bdit. 10ft. 6<L 
Vol. II. Part I. 2nd Edit. 16.. Vol. U. Part H. 2nd Edit. 16«. 

The Greek Testament By the late H. Alfozd, D.D. VoL 1. 6th 
Edit. 11. 8b. Vol. II. 6th Edit. 11. 4«. Vol. HI. 5th Edit. IBs. VoL IT. 
Part I. 4th Edit. ISs. Vol. IV. Part II. 4th Edit. 14s. Vol. TV. IL 12l 

Ck>mpanion to the Greek Testament. By A. C. Barrett, MX 
4th Edition* revised. IToap. 8vo. 5«. 

The Book of Psalms. A New Translation, with Introdnctions, Ae. 
Bv the Very Rev. J. J. Steimrt Perowne, D.D. Svo. Vol. I. 5th EditioB. 
1&. Vol. II. 5th Edit. 16«. 

Abridged for Schools. 3rd Edition. Crown 8vo. 10«. 6A 

History of the Articles of Religion. By C. H. Hardwick. &d 
Edition. PostSvo. 58. 

History of the Creeds. By J. B. Lumby, D.D. 2nd Edition. 
Grown 8vo. 7a. 6d. 

Pearson on the Greed. Carefully printed from an early edition. 
With Analysis and Indir by E. Wal£ord. M.A. PostSvo. 5b. 

An Historioal and Explanatory Treatise on the Book of 

Common Prayer. B/ BeT. W. Gt. Hnmphxy, B.D. 6th Edition, enlarged. 
Small post 8vo. 4a. 6d. 

The New Table of Lessons Explained. By Bey. W. G. Hompiuy. 
B.D. Pcap. la. 6d. 

A Commentary on the Gospels for the Sundays and other Ho^ 

Days of the Ghrifitian Year. By Her. W. Denton, AM. New Editioa. 
Svols. Svo. 548. Sold separately. 

Commentary on the Epistles for the^ Sundays and other Hdy 
Days of the Chrietian Year. By Bat. W. Denton, A.M. 2 yola. 36*. Sold 
seiMkrately. 

Commentary on the Aots. By Bay. W. Denton, A.M. Vol. I. 
Svo. 188. Yol. U. 14s. 

Notes on the Catechism. By Bev. Canon Barry, D.D. 6th Edit 

Fcap. 20. 

Catechetical Hints and Helps. By Bey. E. J. Boyce, M.A. 4th 
Edition, reyised. Fcap. 2s. 6d. 

Examination Papers on Religious Instruction. By Bey. E. J. 
Boyoe. Sewed. U. 6d. 

Church Teaching for the Church's Children. An Exposition 
of the Catechism. By the Eev. F. W. Harper. Sq. fcap. 2s. 

The Winton Church Catechist. Questions and Answers on th« 
Teaching of the Church Catechism. By the late Bev. J. S. B. MonseO* 
LL.D. 8rd Edition. Cloth, 3s.; or in Four Farts, sewed. 

The Church Teacher's Manual of Christian Instruction. By 
Bey. M. F. Sadler. 2l6t Thousand. 2s. 6d. 

Short £zpl£Uiation of the Epistles and Gospels of the Chria- 
tian Year, with Questions. Boyal 32mo. 2s. 6d.i calf, 4ta. 6d. 

Butler's Analogy of Religion ; with Introduction and Index by 

Rev. Dr. Steere. New Edition. Fcap. 3s. 6d. 

Three Sermons on Human Nature, and Biesertation on 

Virtue. By W. Whewell, D.D. 4th Edition. Fcap. Svo. 2*. 6cL 
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■^^ yfcq reB on the History of Moral Philosophy in England. By 

"^PV. Whewell, D.D. Crown 8vo. 8«. 
d^ooL^'s Ck>nmientary on Intemational Law. By J. T. Abdy, 

T*Ti.D. New and Cheap Edition. Crown 8yo. IQb. 6d. 
^ Hff anual of the Boman CItU Law. By G. Leapingwell, LL.D. 

Svo. 128. 



FOREIGN CLASSICS. 

A m^ries for use in Schools, with English Notest grammatical and 
explanatory, and renderings of dificuU idiomatic expressions, 
Fcap* Qvo* 

Solifner'8 'Wallensteln. By Dr. A. Bachheim. 3rd Edit. 6«.64. 
Or the Lager and Piocolomini, 3s. 6d. Wallenstein's Tod, 3«. 6d. 

Maid of Orleans. By Dr. W. Wagner, ds. 6<f . 

- Maria Stuart. By Y. Eastner. Ss. 



CK>ethe'8 Hermann and Dorothea. By EL Bell, M.A., and 

B.W61fel. 28. 6d. 
OHEnnan Ballads, from Uhland, Goethe, and Schiller. By C. Ii. 

Bielefeld. 3rd Edition. Ss. 6d. 
Oharles Xn., par Voltaire. By L. Direy. 4th Edition. Ss. 6<2. 
Jkvantures de T616maque, par F6n61on. By G. J. Delille. 2nd 

Edition. 4a. 6d. 

CMeot Fables of La Fontaine. By F. E. A. Gase. 14th Edition. 8«. 
Hodola, by X.B. Saintine. By Dr.Dubuo. 11th Thousand. 3«. 6d. 



FRENCH CLASS-BOOKS. 

Twenty Lessons in French. With Yooabnlary, giving the Pro- 

nnnciation. By W. Brebner. Post 8vo. 4a. 
French Grammar for Public Schools. By Bev. A. 0. Clapin, M.A. 

Foap. 8vo. 9tli Edition, revised. 28. 6d. 
French Primer. By Bev. A. C. Clapin, M.A. Fcap. 8vo. 4th Edit. 

U 
Primer of French Philology. By Rev. A. 0. Clapin. Fcap. 8vo. Is, 
Le Nonveau Tr6sor; or, French Student's Companion. By 

If. E. S. 16tb Edition. Fcap. 8vo. Ss. 6d. 

F. E. A. GASC'S FRENCH COURSE. 
First French Book. Fcap. 8vo. 76th Thousand. Is, Qd. 
Second French Book. 37th Thousand. Fcap. 8vo. 2s, 6<2. 
Key to First and Second French Books. Fcap. 8vo. 3s, 6d, 
French Fables for Beginners, in Prose, with Index. 14th Thousand. 

12mo. 2s. 
Select Fables of La Fontaine. New Edition. Fcap. 8vo. Bs, 
BSstoires Amosantes et InatruotiveB. With Notes. 14th Thou- 

sand. Fcap. 8yo. 28. 6d. 
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Fnotioal Onide to Modem French CkmverBatioiL 12thThoQr 

sand. Fcap. 870. 2s. 6d. 

French Poetry for the Yonng. With Notes. 4th Edition. Fcap. 
8?o. 2s. 

Materials for French Prose Ck>mposition ; or, Selections from 
the best Bngluh Proie Writers. 16th Thousand. Fcap. 8yo. 4s. 6d. 
Key. 6s. 

Prosatenrs Contemporalztf. With Notes. 8yo. 6th Edition, 
rerifled. 5s. 

laO Petit Oompagnon ; a French Talk-Book for Little Children. 
lOth Thousand. 16mo. 2s. 6d. 

An Improved Modem Pocket Dictionary of the French and 

BngUsh Languages. 30th Thousand, with Additions, l&mo. Cloth. 4tL 
Also in 2 vols., in neat leatherette, 5s. 

Modem French-English and English-French dictionary. 2nd 

Edition, revised. In 1 vol. 12s. 6d. (formerly 2 vols. 25s.) 

GOMBBRT'S FRENCH DRAMA. 

Being a Selection of the best Tragedies and Comedies of Moliere, 
Racine, Gomeille, and Yoltaire. With Ai^uments and Notes by A. 
Gombert. New Edition, revised by F. E. A. 6asc. Fcap. 8vo. Is. each; 
sewed, 6d. CJontekts. 

Moxjx&s :->Le Misanthrope. L'Avare. Le Bourgeois Qentilhomme. Le 
TartnfFe. Le Malade Imaginaire. Les Femmes Savantes. Les Fouiberies 
de Seapin. Lee Pr^o&euMe Ridicules. L'Eoole dee Femmes. L'Eoole des 
Maris. Le MMecin malgr^ Lui. 

RlciiTE :— PhMre. Esther. Athalie. Iphig^nie. Les Plaidenrs. La 
Th^baide ; or, Les Fr^res Ennemis. Andromaqne. Britannicua. 
P. OosNEiLLE :— Le Did. Horace. Ginna. Polyeucte. 
YOLTAISE :— Zaire. 



GERMAN CLASS-BOOKS. 

Materials for German Prose Composition. By Dr Buchheim. 
7th Edition Fcap. 48. 6d. Key, 38. 

A German Grammar for Public Schools. By the Rev. A. C. 
OlapinandF. HollMtaier. 2ndfBdition. Fcap. 2&6d. 

Kotzebue's J>er Gefangene. With Notes by Dr. W. Stromberg. If. 



ENGLISH CLASS-BOOKS. 

A Brief History of the English Language. By Prof. Jas. Hadley, 
LL.D., o£ Yale College. Fcap. 8vo. Is. 

The Elements of the English Language. By E. Adams, PhJ). 

18th Edition. FostSvo. 4a. M. 

The Rudiments of English Grammar and Analysis. By 
E. Adams, Fh.D. 8th Edition. Fcap. 8vo. 28. 
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By 0. P. Mason, Fellow of Univ. Coll. London. 

First Notions of Grammar for Young Learners. Fcap. 870, 
lOth Thousand. Cloth. 8d. 

First Steps in English Grammar for Jnnior Classes. Demy 

ISxno. 32nd Thousand. Is. ^ 

Outlines of Snglish Grammar for the use of Junior Classes. 
31st Thousand. Crown 8vo. 28. 

Snglish Grammar, including the Principles of Grammatical 

Analysis. 25th Edition. 86th Thousand. Crown 8vo. Ss. 6d. 

A Shorter English Grammar, with copious Exercises. 8th Thou- 
sand. Crown 8vo. 38. 6d. 

Slnglish Grammar Practice, being the Exercises separately. Is, 



Practical Hints on Teaching. By Bev. J. Menet, M.A. 5th Edit. 
Crown 8yo. cloth, 28. 6d. ; paper, 2s. 

Test Lessons in Dictation. 2nd Edition. Paper cover, Is. 6d!. 

Questions for Examinations in English Literature. By Bey. 
W. W. Skeat, Prof, of Anglo-Saxon at Cambridge University. 2s. 6d, 

Drawing Copies. By P. H. Delamotte. Oblong 8to. 12s, Sold 

also in parts at !& each. 

Poetry for the School-room. New Editi<m. Fcap. 8yo. 1«. 6<2. 

Geographical Text-Book ; a Practical Geography. By M. E. S. 
12mo. 28. 

The Blank Maps done up separately, 4to. 28. coloured. 

Loudon's (Mrs.) Entertaining Naturalist. New Edition. Bevised 
by W. S. Dallas, F.L.S. 5s. 

Handbook of Botany. New Edition, greatly enlarged by 

D. Wooster. Fcap. 2s. 6d. 

The Botanist's Pocket-Book. With a copious Index. By W. "SL 
Hayward. 3rd Edit, revised. Crown Svo. Cloth limp. 48. 6d. 

Experimental Chemistry, founded on the Work. of Dr. Stoekhardl 
By 0. W. Heaton. Post Svo. 5s. 

Double Entry Elucidated. By B. W. Foster. 12th Edit. 4(a 

3s. 6d. 

A New Manual of Book-keeping. By P. Crellin, Accountant. 
Crown Svo. 3s. 6d. 



Picture School-Books. In Simple Language, with numerous 
Illustrations. Boyal 16mo. 

School Primer. 6d.— School Reader. By J. TiUeaYd. 1«.— Poetry Book 
for Schools. Is.— The Life of Joseph. Is.— The Scriptoxe Parables. By th« 
Bev. J. E. Clarke. Is.— The Scripture Miracles. By the Bev. J. E. Clarke. 
Is.— The New Testament History. By the Bev. J. G. Wood, M.A. Is.— The 
Old Testament Historv. By the Rev. J. a. Wood, M.A. Is.— The Story of 
Bimyan'B Pilgrim's Progress. Is.- The Life of Christopher Columbus. "^^ 
Saiah Crompton. Is.— The Life of Martin Lather. By Sarah Cromptoir 
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BOOKS FOR YOUNG READERS. 

I Series qf Heading Books desian^d tofacUitate the acquisition ofthepf^'. 
ofReadintj by very young Children. In 8 vols, limp cloth, Sd. ea^h. 



The Cat and the H«n. Sam and his Dog Bedleg. 

Bob and Tom Lee. A Wreck. 
Th« New-bom Lamb. The Bosewood Box. Poor 

Tan. Sheep Dog. x . 

The Story of Three Monkeys. 

Story of a Cat. Told by Herself. 

The Blind Boy. The Mute Girl. A New Tale of | 

Babes in a Wood. 
The Dey and the Enight. The New Bank Note. 

The Boyal Yisit. A King's Walk on a Winter's Day. 
Queen Bee and Busy Bee. 
Gull's Gragg. 
A First Book of Geography. By the Bev. G. A. Johns. | 

Blnstrated. Donble sixe, U. 
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BELL'S READINQ-BOOKS. 

FOB BOHOOLS AND PABOGHIAL LIBRABIBS. 

The popnUritj which the ' Books for Yonng Beaders ' haye atteined is 
a tBlBoient proof that teachers and nnpils alike approTC of the nae of iata- 
oiMtig BtoriML with a nxnple plot in place of the dry combination of lettersud 
njllMles, makiiig no Imprenioii on the mind, of which elementary readiaf • 
bo«»ks generally consist. 

The Pablishers have therefore thought it advisable to extend the applicstios 
ef this principle to books adapted for more advanced readers. 

Now Ready, Post Bvo, Strongly hound. 
Grimm's German Tales. (Selected.) Is. ^ 

Andersen's Danish Tales. (Selected.) If. / ^f' 

Great Englishmen. Short Lives for Young Children. Is. f seand/iri}:; 
Hdgeworth'B Tales. A Selection. U. J it.* in. 

Trlends in Fur and Feathers. By Gwynfryn. Is. 
Parables firom Nature. (Selected.) ByMr8.Gatty. Is. 
Hasterman Ready. By Capt. Manyat. (Abgd.) Is.^d. 
Settlers in Canada. By Gapt. Marryat. (Abdg.) l«.6d. 
Bobinson Crusoe. Is. Qd, 

Harle ; or, Glimpses of Life in France. By A. B. Ellis. 

l«. 
Poetry for Boys. By D. Munro. Is. 

Southey's Life of Nelson. (Abridged.) Is. 
Ufe of the I>uke of Wellington, with Maps and Plans. Is. 
Gulliver's Travels. (Abridged.) lln the prm. 
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